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Abstract: In this paper we compute the one-loop chiral logarithmic corrections to the S
and T parameters in a highly deconstructed Higgsless model with only three sites. In addition
to the electroweak gauge bosons, this model contains a single extra triplet of vector states
(which we denote ρ± and ρ0), rather than an infinite tower of “KK” modes. We compute
the corrections to S and T in ’t Hooft-Feynman gauge, including the ghost, unphysical
Goldstone-boson, and appropriate “pinch” contributions required to obtain gauge-invariant
results for the one-loop self-energy functions. We demonstrate that the chiral-logarithmic
corrections naturally separate into two parts, a model-independent part arising from scaling
below the ρ mass, which has the same form as the large Higgs-mass dependence of the S
or T parameter in the standard model, and a second model-dependent contribution arising
from scaling between the ρ mass and the cutoff of the model. The form of the universal
part of the one-loop result allows us to correctly interpret the phenomenologically derived
limits on the S and T parameters (which depend on a “reference” Higgs-boson mass) in this
three-site Higgsless model. Higgsless models may be viewed as dual to models of dynamical
symmetry breaking akin to “walking technicolor”, and in these terms our calculation is the
first to compute the subleading 1/N corrections to the S and T parameters. We also discuss
the reduction of the model to the “two-site” model, which is the usual electroweak chiral
lagrangian, noting the “non-decoupling” contributions present in the limit Mρ →∞.
February 27, 2007
Keywords: Dimensional Deconstruction, Electroweak Symmetry Breaking, Higgsless
Theories, Fermion Delocalization, Precision Electroweak Tests, Chiral Lagrangian.
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1. Introduction
Higgsless models [1] accommodate electroweak symmetry breaking without the introduction
of a fundamental scalar Higgs boson [2]. In these models, the unitarity of longitudinally-
polarized electroweak gauge-boson scattering is achieved through the exchange of extra vector
bosons [3, 4, 5, 6], rather than scalars. Based on TeV-scale [7] compactified five-dimensional
gauge theories with appropriate boundary conditions [8, 9, 10, 11], these models provide
effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. They
are not, however, renormalizable, and must be viewed as effective theories valid below a cutoff
energy scale inversely proportional to the five-dimensional gauge-coupling squared. Above this
energy scale, some new “high-energy” completion, which is valid to higher energies, must be
present.
Deconstruction [12, 13] is a technique to build four-dimensional gauge theories, with
appropriate gauge symmetry breaking patterns. which approximate – at least over some
energy range – the properties of a five-dimensional theory. Deconstructed Higgsless models
[14, 15, 16, 17, 18, 19, 20] have been used as tools to compute the general properties of
Higgsless theories, and to illustrate the phenomological properties of this class of models.
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In the simplest realization of Higgsless models, the ordinary fermions are localized (on
“branes”) in the extra dimension. Such models necessarily [20] give rise to large tree-level
corrections to the electroweak S parameter, and are not phenomenologically viable. It has
been shown, however, that by relaxing the fermion locality constraint [21, 22, 23, 24, 25]
– more correctly, by allowing fermions to propagate in the compactified fifth dimension and
identifying the ordinary fermions with the lowest KK fermion states – it is always [26] possible
to choose the fermion wavefunction in the fifth dimension so that all four-fermion electroweak
quantities at tree-level have their standard model forms.1
Recently, a detailed investigation of a highly deconstructed three site Higgsless model
[27] – in which the only vector states are the ordinary electroweak gauge bosons and a single
triplet of ρ± and ρ0 vector states – has been completed.2 Although relatively simple in form,
the model was shown to be sufficiently rich to incorporate the interesting physics issues related
to fermion masses and electroweak observables. Calculations were presented addressing the
size of corrections3 to αT , b→ sγ, and Z → bb¯.
In this paper we compute the one-loop chiral logarithmic corrections to the S and T
parameters [28, 29, 30] in the three site Higgsless model, in the limit MW ≪ Mρ ≪ Λ,
where Λ is the cutoff of the effective theory. We compute these corrections in ’t Hooft-
Feynman gauge, including the ghost, unphysical Goldstone-boson, and appropriate “pinch”
contributions [31, 32] required to obtain gauge-invariant results for the one-loop self-energy
functions.
For the S-paramter, we find the result
αS3−site =
[
4s2M2W
M2ρ
(
1− x1M
2
ρ
2M2W
)]
µ=Λ
+
α
12π
log
M2ρ
M2Href
− 41α
24π
log
Λ2
M2ρ
+
3α
8π
(
x1M
2
ρ
2M2W
)
log
Λ2
M2ρ
−8πα(c1(Λ) + c2(Λ)) . (1.1)
where the parameter x1 measures the amount of fermion delocalization, MHref is the reference
Higgs boson mass used in the definition of the S-parameter, and c1,2 are higher order counter-
terms [18]. The parameters M2ρ , M
2
W , and x1 are renormalized at one-loop
4 and, to this
order, in the first term of Eqn. (1.1) they should be understood to be evaluated at the scale
1It should be emphasized, however, that there is no explanation in any of these models (which are only
low-energy effective theories) for the amount of delocalization. In particular, there is no dynamical reason why
the fermion delocalization present must be such as to make the value of αS small.
2Note that the ρ± and ρ0 here correspond to the W ′
±
and Z′ in that paper.
3In the original version of [27], we used the notation ∆ρ rather than αT . To the order we are working, they
are identical: Y ∝ (∆ρ− αT ) vanishes in an ideally delocalized model [26].
4In a forthcoming paper [33] we will report the results of a full renormalization-group analysis of the O(p4)
terms in the three-site Higgsless model effective theory, allowing us to independently confirm the results in
Eqns. (1.1) and (1.2), and to express the values of αS and αT in terms of low-energy parameters.
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Λ. Note that the chiral-logarithmic corrections naturally separate into two parts, a model-
independent part arising from scaling below the ρ mass, which has the same form as the
large Higgs-mass dependence of the S-parameter in the standard model, and a second model-
dependent contribution arising from scaling between the ρ mass and the cutoff of the model.
The form of the model-independent part of the one-loop result allows us to correctly interpret
the phenomenologically derived limits on the S parameter (which depend on a “reference”
Higgs-boson mass [28]) in this three-site Higgsless model.
Similarly, we obtain for T
αT3−site = − 3α
16πc2
log
M2ρ
M2Href
− 3α
32πc2
log
Λ2
M2ρ
+
4πα c0(Λ)
c2
, (1.2)
where MHref is the reference Higgs-boson mass, c is approximately cosine of the standard
weak mixing angle (see Eqn. (2.6)) , and c0(Λ) is the relevant O(p4) custodial isospin-violating
counterterm renormalized at scale Λ. Again, note the separation into model-independent and
model-dependent pieces and the standard-model-like dependence on the “reference” Higgs-
boson mass.
The next few sections of the paper introduce the model and the form of the Lagrangian
in terms of the gauge eigenstates and mass eigenstates. We then present the results of our
computations of the one-loop corrections to the self-energy functions of the W and Z bosons.
Subsequently, we compute the one-loop corrections to the S and T parameters arising from
the gauge sector and arrive at the results summarized above. We then turn to the relationship
between theMρ →∞ limit of the three-site model and the usual electroweak chiral lagrangian
[34, 35], discussing the importance of the “non-decoupling” contributions [36] which arise in
this limit.
We conclude the paper by discussing the relationship of our results to the general ex-
pectations for the form of these corrections in models with a strongly-interacting symmetry
breaking sector. Higgsless models may be viewed as dual [37, 38, 39, 40] to models of dynam-
ical symmetry breaking [41, 42] akin to “walking technicolor” [43, 44, 45, 46, 47, 48], and in
these terms our calculation is the first to compute the subleading 1/N corrections to the S and
T parameters. The model we discuss is in the same class as models of extended electroweak
gauge symmetries [49, 50] motivated by hidden local symmetry models [51, 52, 53, 54, 55] of
chiral dynamics in QCD. We specifically compare our findings to the corresponding results in
the “vector limit” [56] of hidden local symmetry models.
2. The Three-Site Model
The three-site Higgsless model analyzed in this paper is illustrated in Fig. 1 using “moose
notation” [57]. The model incorporates an SU(2)L × SU(2)V × U(1)B gauge group with
couplings g0, g1, and g2 respectively, and 2 nonlinear (SU(2)× SU(2))/SU(2) sigma models
in which the global symmetry groups in adjacent sigma models are identified with the cor-
responding factors of the gauge group. The symmetry breaking between the middle SU(2)
– 4 –
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Σ(1) Σ(2)
f f
g0 g1 g2
Figure 1: The three-site Higgsless model analyzed in this paper is illustrated using “moose notation”
[57]. The model incorporates an SU(2)L×SU(2)V ×U(1)B gauge group with couplings g0, g1, and g2
respectively, and two nonlinear (SU(2)× SU(2))/SU(2) sigma models in which the global symmetry
groups in adjacent sigma models are identified with the corresponding factors of the gauge group.
and the U(1) follows an SU(2)L×SU(2)R/SU(2)V symmetry breaking pattern with the U(1)
embedded as the T3-generator of SU(2)R. The leading order lagrangian in the model is given
by
L(2) =
f2
4
2∑
i=1
tr[DµΣ
†
(i)D
µΣ(i)]
− 1
2g20
tr[Lµν ]
2 − 1
2g21
tr[Vµν ]
2 − 1
2g22
tr[Rµν ]
2 , (2.1)
where Lµν , Vµν , and Rµν are the matrix field-strengths of the three gauge groups, Rµ = Bµ
σ3
2 ,
and the covariant derivatives acting on Σ(i) are defined as
DµΣ(1) = ∂µΣ(1) − iLµΣ(1) + iΣ(1)Vµ , (2.2)
DµΣ(2) = ∂µΣ(2) − iVµΣ(2) + iΣ(2)Rµ . (2.3)
The 2× 2 unitary matrix fields Σ(1) and Σ(2) may be parametrized by the Nambu-Goldstone
(GB) boson fields π(1) and π(2):
Σ(i) = e
2iπ(i)/f , for i = 1, 2 , (2.4)
with the decay constant5 f .
This model (see [27] for details) approximates the standard model in the limit
x = g0/g1 ≪ 1 , y = g2/g1 ≪ 1 , (2.5)
in which case we expect a massless photon, light W and Z bosons, and a heavy set of bosons
ρ± and ρ0 with MW ≪Mρ . Numerically, then, g0,2 are approximately equal to the standard
5For simplicity, here we take the same decay constant f for both links.
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model SU(2)W and U(1)Y couplings, and we therefore define an angle θ such that s = sin θ,
c = cos θ, and
g20 ≈
4πα
s2
=
e2
s2
, g22 ≈
4πα
c2
=
e2
c2
,
s
c
=
g2
g0
(2.6)
where α is the fine-structure constant and e the charge of the electron.
2.1 Fermion Couplings and αS at Tree-Level
In general, the standard model fermions may be delocalized along the three-site moose in the
sense that their weak couplings arise from both sites 0 and 1 [58, 25]
Lf = ~JµL · ((1− x1)Lµ + x1Vµ) + JµYBµ , (2.7)
where ~JµL and J
µ
Y are the fermionic weak and hypercharge currents, respectively, and 0 ≤ x1 ≪
1 is a measure of the amount of fermion delocalization. This expression is not separately gauge
invariant under SU(2)0 and SU(2)1. Rather, the fermions should be viewed as being charged
under SU(2)0, and the terms proportional to x1 should be interpreted as arising from the
operator of the form
L′f = −x1 · ψ¯L(iD/ Σ(1)Σ†(1))ψL , (2.8)
in unitary gauge. We will be interested only in the light fermions (i.e. all standard model
fermions except for the top-quark), and will therefore ignore the couplings giving rise to
fermon masses (these are discussed in detail in [27]).
Some degree of fermion delocalization is desirable for phenomenological reasons. Di-
agonalizing the gauge-boson mass matrix and computing the relevant tree-level four-fermion
processes, one may compute the value of the S-parameter at tree-level, with the result [58, 25]
αStree =
4s2M2W
M2ρ
(
1− x1M
2
ρ
2M2W
)
. (2.9)
Current experimental bounds on αS are O(10−3) [59]. Since exchange of the ρ meson is
necessary to maintain the unitarity of longitudinally polarized W -boson scattering, we must
require thatMρ ≤ O(1TeV) – leading, for localized fermions with x1 = 0, to a value of αStree
which is too large. For the three-site model to be viable, therefore, the value of the fermion
delocalization parameter must be chosen to reduce the value of αStree [21, 22, 23, 24, 25, 26].6
2.2 Duality and The Size of Radiative Electroweak Corrections
By duality [37], tree-level computations in the 5-dimensional theory represent the leading
terms in a large-N expansion [60] of the strongly-coupled dual gauge theory akin to “walking
technicolor” [43, 44, 45, 46, 47, 48]. The mass of the W boson, MW , is proportional to a
weak gauge-coupling, gew, (which is fixed in the large-N approximation) times the f -constant
6See footnote 1.
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for the electroweak chiral symmetry breaking of the strongly-coupled theory. Therefore, we
expect M2W /M
2
ρ to scale as [60, 61]
M2W
M2ρ
= O
(
g2ewN
(4π)2
)
, (2.10)
which is the expected behavior of the S-parameter in the large-N limit [28, 10].
We now specify the limit in which we will perform our analysis. As shown below (see
Eqns. (4.1, 4.2)), in the small x limit
M2W
M2ρ
≈ x
2
4
, (2.11)
so that the tree-level value of αS vanishes if x1 = x
2/2. In what follows, therefore, we will
assume that x1 = O(x2). Overall, then, we work in the limit
1≫ |αStree| = O
(
g2ewN
(4π)2
)
≫ |αSone−loop| = O
(
g2ew
(4π)2
)
> 0 , (2.12)
which is manifestly consistent with the large-N approximation. Once we choose the value
of x1 to make the size of αS
tree consistent with the phenomenological bound of O(10−3),
one-loop electroweak corrections αSone−loop become potentially relevant.
Note also that αT tree ≈ 0 in these models, independent of the degree of fermion delocal-
ization [20, 25]. The one-loop corrections to αT are therefore of interest. Those arising from
the extended fermion sector have been shown2 to place strong lower bounds on the masses of
the KK fermions [27]. Those arising from the gauge sector are considered below.
In practice, in calculating corrections to the gauge-boson self-energy functions, we will
work in the leading-log approximation, and to order α; we will neglect corrections O(αx2M2W )
or O(αx2p2), but keep those of order O(αx2M2ρ ).
3. Gauge Sector Lagrangian
In order to obtain the relevant interaction terms to compute the one-loop electroweak correc-
tions, we expand the link variables Σ1 and Σ2 as follows
Σ(i) = 1 + 2i
π(i)
f
−
2π2(i)
f2
+O(π3) , for i = 1, 2 . (3.1)
Furthermore, it is convenient to change the normalization of the gauge-boson fields so that the
gauge-boson kinetic energy terms in Eqn. (2.1) are canonically normalized, and to introduce
the following vectors in “link” and “site” space, respectively
~πa =
(
πa(1)
πa(2)
)
, ~Aaµ =

 L
a
µ
V aµ
Raµ

 , (3.2)
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with R1µ = R
2
µ = 0, and R
3
µ = Bµ. In terms of these quantities, the lagrangian (2.1) decom-
poses into the following pieces:
L(2) = LAAππ + LπAA + LππA + LππAA
+LAAA + LAAAA + · · · , (3.3)
where we have ignored the interaction terms including more than three GB fields since these
terms do not generate vertices relevant to the one-loop processes of interest.
3.1 LAAππ : Kinetic Energy and Gauge-Fixing Terms
Terms in the lagrangian LAAππ are quadratic in the GB fields ~πa or gauge fields ~Aaµ
LAAππ = Lkingauge +
1
2
(
∂µ~π
a − f
(
D ·G · ~Aaµ
))T
·
(
∂µ~πa − f
(
D ·G · ~Aµa
))
, (3.4)
where the kinetic terms of the gauge fields ~Aaµ are included in Lkingauge, D is a 2× 3 difference
matrix in the link/site space defined as
D =
(
1 −1 0
0 1 −1
)
, (3.5)
and G is the gauge coupling-constant matrix with the diagonal elements (g0, g1, g2).
It is convenient to introduce charge eigenstate fields
~A±µ = (L
±
µ , V
±
µ )
T , ~A0µ = (L
3
µ, V
3
µ , Bµ)
T , (3.6)
~π± = (π±(1), π
±
(2))
T , ~π0 = (π3(1), π
3
(2))
T , (3.7)
where
L±µ =
L1µ ∓ iL2µ√
2
, V ±µ =
V 1µ ∓ iV 2µ√
2
, (3.8)
and with π±(i) and π
0
(i) (i = 1, 2) defined analogously. Using the charge eigenstate fields, the
mass terms of the gauge fields are expressed as
~A+Tµ M
2
CC
~Aµ− +
1
2
~A0Tµ M
2
NC
~Aµ0 , (3.9)
where M2CC and M
2
NC are the mass matrices for the charged and neutral gauge bosons
M2CC =
f2
4
(
g20 −g0g1
−g0g1 2g21
)
, (3.10)
M2NC =
f2
4

 g
2
0 −g0g1 0
−g0g1 2g21 −g1g2
0 −g1g2 g22

 . (3.11)
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The lagrangian LAAππ includes quadratic mixing terms between the GB fields ~πa and the
gauge fields ~Aaµ. These terms are eliminated by adding the following Rξ gauge fixing term
7
[20]:
LGF = − 1
2ξ
(
~GT
)a
·
(
~G
)a
, (3.12)
where
~Ga =
[(
∂µ ~A
µa
)
+
ξf
2
(
G ·DT · ~πa)] . (3.13)
After fixing the gauge, the unphysical Goldstone boson fields acquire the gauge-dependent
masses Mπ± and Mπ0
M2π± =
ξf2
4
(
g20 + g
2
1 −g21
−g21 g21
)
, (3.14)
M2π0 =
ξf2
4
(
g20 + g
2
1 −g21
−g21 g21 + g22
)
. (3.15)
The lagrangian LAAππ combined with the gauge-fixing term in LGF then become
LAAππ + LGF = − ~A+Tµ [DµνA± ] ~A−ν −
1
2
~A0Tµ [D
µν
A0
] ~A0ν
−~π+T [Dπ± ]~π− −
1
2
~π0T [Dπ0 ]~π
0 , (3.16)
where
[
Dµν
A±,A0
]
=
(−1 ∂2 −M2CC,NC) gµν +
(
1− 1
ξ
)
1 ∂µ∂ν , (3.17)
[Dπ±,0 ] =
(−1 ∂2 −M2π±,0) . (3.18)
3.2 The Fadeev-Popov Ghost Lagrangian LFP
Next we introduce the ghost terms corresponding to the gauge fixing terms in Eqn. (3.12)
LFP = −C¯aI · (Γab)IJ · CbJ , (3.19)
where CaI and C¯
a
J (I, J = 0, 1, 2) are respectively the Fadeev-Popov (FP) ghost and the
anti-ghost fields corresponding to the gauge groups on the Ith-and Jth-site, and
(Γab)IJ = gJ · δG
a
I
δΘbJ
, (3.20)
7We take the same gauge parameter for all the gauge groups.
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with ΘaI being the infinitesmal generator of the gauge transformations. The infinitesimal
transformation laws for the gauge fixing functions GaI are immediately derived from those for
the gauge fields ~Aaµ and the GB fields ~π
a 8
δLaµ = DµΘ
a
0 =
(
∂µδ
ac + g0ǫ
abcLbµ
)
Θc0 , (3.21)
δV aµ = DµΘ
a
1 =
(
∂µδ
ac + g1ǫ
abcV bµ
)
Θc1 , (3.22)
δBµ = ∂µΘ2 , (3.23)
δπa(1) =
f
2
(g0Θ
a
0 − g1Θa1) +O(π2) , (3.24)
δπa(2) =
f
2
(g1Θ
a
1 − g2Θa2) +O(π2) . (3.25)
Defining the charge eigenstates for the FP ghost fields, we find
LFP = Lkin.FP + Lint.FP , (3.26)
where
Lkin.FP = −C¯+i
(
∂2δij − ξ[M2CC ]ij
)
C−j + h.c.
−C¯0I
(
∂2δIJ − ξ[M2NC ]IJ
)
C0J , (3.27)
Lint.FP = igi
(
A+µi
{
∂µC¯−i C
3
i − ∂µC¯3i C−i
}
+A3µi∂
µC¯+i C
−
i
)
+ h.c. , (3.28)
with A+µi = (L
+
µ , V
+
µ )
T and A3µi = (L
3
µ, V
3
µ )
T , and where we sum over the repeated indices
(i, j = 0, 1 and I, J = 0, 1, 2).
3.3 The Non-Abelian Interactions LAAA and LAAAA
The Non-Abelian interaction terms among the gauge fields Laµ and V
a
µ are
LAAA = ig0
[ (
∂µL
+
ν − ∂νL+µ
)
Lµ−Lν3 + ∂µL3νL
µ+Lν−
]
+ig1
[ (
∂µV
+
ν − ∂νV +µ
)
V µ−V ν3 + ∂µV 3ν V
µ+V ν−
]
+ h.c. , (3.29)
LAAAA = g
2
0
2
[
L+µL
−
ν
(
Lµ+Lν− + Lµ−Lν+
)− 2L+µL+ν Lµ−Lν−
]
+g20
[
L+µL
−
ν L
µ3Lν3 − L+µLµ−L3νLν3
]
+
g21
2
[
V +µ V
−
ν
(
V µ+V ν− + V µ−V ν+
)− 2V +µ V +ν V µ−V ν−
]
+g21
[
V +µ V
−
ν V
µ3V ν3 − V +µ V µ−V 3ν V ν3
]
. (3.30)
8Here we omit terms including more than two GB fields, since these interactions are irrelevant to the
processes we are concerned with.
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3.4 The Goldstone Boson Interactions LπAA,LππA and LππAA
The remaining Goldstone Boson interactions necessary for our computations are expressed as
follows:
LπAA = −g1f
2
ǫabc
(
g0L
a
µV
µbπc(1) + g2V
a
µR
µbπc(2)
)
, (3.31)
LππA = −1
2
ǫabc∂µπ
a
(1)π
b
(1) (g0L
µc + g1V
µc)− 1
2
ǫabc∂µπ
a
(2)π
b
(2) (g1V
µc + g2R
µc) , (3.32)
LππAA = 1
2
ǫeabǫecd
(
g0g1L
a
µπ
b
(1)V
µcπd(1) + g1g2V
a
µ π
b
(2)R
µcπd(2)
)
. (3.33)
These interaction terms may be rewritten in terms of the charge eigenstate fields as9
LπAA = ig1f
2
[
g0
(
L3µV
µ+ − V 3µLµ+
)
π−(1) − g2BµV µ+π−(2) + g0L+µ V µ−π3(1)
]
+ h.c. , (3.34)
LππA = i
2
[
g0∂µπ
+
(1)π
−
(1)L
µ3 + g1
(
∂µπ
+
(1)π
−
(1) + ∂µπ
+
(2)π
−
(2)
)
V µ3 + g2∂µπ
+
(2)π
−
(2)B
µ
−
(
π3(1)
↔
∂ µ π
−
(1)
) (
g0L
µ+ + g1V
µ+
)− g1 (π3(2) ↔∂ µ π−(2))V µ+
]
+ h.c. , (3.35)
LππAA = g1
2
[
g0π
+
(1)π
−
(1)
(
L+µV
µ− + L3µV
µ3
)− g0π+(1)π3(1) (L−µ V µ3 + L3µV µ−)
+g0π
3
(1)π
3
(1)L
+
µ V
µ− − g0π+(1)π+(1)L−µV µ− − g2π−(2)π3(2)BµV µ+ + g2π+(2)π−(2)BµV µ3
]
+h.c. . (3.36)
4. Mass Eigenstate Fields
To facilitate our computation of the one-loop corrections to αS and αT , we express the
interactions derived above in terms of mass eigenstate fields. As we are interested in the limit
x = g0/g1 ≪ 1, we will diagonalize the mass matrices perturbatively in x.
The charged gauge boson mass matrix M2CC has the eigenvalues
M2W =
g21f
2
4
[
x2
2
− x
4
8
+O(x6)
]
, (4.1)
M2ρ± =
g21f
2
4
[
2 +
x2
2
− x
4
8
+O(x6)
]
. (4.2)
Expanding the gauge-eigenstate fields in terms of the mass eigenstates, we find
L±µ = v
L
W±W
±
µ + v
L
ρ±ρ
±
µ , (4.3)
V ±µ = v
V
W±W
±
µ + v
V
ρ±ρ
±
µ , (4.4)
9Here we define (A
↔
∂ µ B) ≡ (∂µA)B − A(∂µB) .
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where
vLW± = 1− x
2
8 + · · · , vLρ± = −x2
(
1 + x
2
8 + · · ·
)
,
vVW± =
x
2
(
1 + x
2
8 + · · ·
)
, vVρ± = 1− x
2
8 + · · · .
(4.5)
The neutral gauge boson mass matrix M2NC has one zero eigenvalue, corresponding to
the photon, and the two non-zero eigenvalues
M2Z =
g21f
2
4
[
x2
2c2
− (1− t
2)2x4
8c4
+O(x6)
]
, (4.6)
M2ρ0 =
g21f
2
4
[
2 +
x2
2c2
+
(1− t2)2x4
8
+O(x6)
]
, (4.7)
where the angles s = sin θ and c = cos θ are defined in Eqn. (2.6), and t = tan θ = s/c.
Expanding the neutral gauge-eigenstate fields in terms of mass eigenstates, we find
L3µ = v
L
AAµ + v
L
ZZµ + v
L
ρ0ρ
0
µ , (4.8)
V 3µ = v
V
AAµ + v
V
ZZµ + v
V
ρ0ρ
0
µ , (4.9)
Bµ = v
B
AAµ + v
B
ZZµ + v
B
ρ0ρ
0
µ , (4.10)
where
vLA = s
(
1− 12s2x2 + · · ·
)
, vLZ = c
(
1− c2x2(1+2t2−3t4)8 + · · ·
)
, vLρ0 = −x2
(
1 + x
2(1−3t2)
8
)
,
vVA = sx
(
1− 12s2x2 + · · ·
)
, vVZ =
cx(1−t2)
2
(
1 + c
2x2(1−t2)2
8 + · · ·
)
, vVρ0 = 1−
x2(1+t2)
8 + · · · ,
vBA = c
(
1− 12s2x2 + · · ·
)
, vBZ = −s
(
1 + c
2x2(3−2t2−t4)
8 + · · ·
)
, vBρ0 = −xt2
(
1− x2(3−t2)8 + · · ·
)
.
(4.11)
In obtaining the photon wavefunctions vL,V,BA , we have expanded the electromagnetic coupling
e in powers of x as
1
e2
=
1
g20
+
1
g21
+
1
g22
=
1
g20s
2
(
1 + s2x2 + · · · ) . (4.12)
Since the mass matrices for the ghost fields are (see Eqn. (3.27)) equal to those of
the vector bosons, up to an overall factor of ξ, the corresponding relationships between the
gauge-eigenstate and mass-eigenstate ghost fields are
C±(0) = v
L
W±CW± + v
L
ρ±Cρ± , (4.13)
C±(1) = v
V
W±CW± + v
V
ρ±Cρ± , (4.14)
and
C3(0) = v
L
A CA + v
L
Z CZ + v
L
ρ0Cρ0 , (4.15)
C3(1) = v
V
A CA + v
V
Z CZ + v
V
ρ0 Cρ0 , (4.16)
C3(2) = v
B
A CA + v
V
Z CZ + v
B
ρ0Cρ0 . (4.17)
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Similarly, the charged GB matrix M2π± has the eigenvalues ξM
2
W and ξM
2
ρ± , and the
neutral GB matrix M2π0 has the eigenvalues ξM
2
Z and ξM
2
ρ0 . The mass matrices for the
Goldstone bosons are given in Eqns. (3.15) and (3.14). Expanding the eigenvectors in powers
of x we find that the GB fields are expressed in terms of the mass eigenstate fields πW±,Z
and πρ±,ρ0 as
π±,3(1) = v
(1)
π
W±,Z
πW±,Z + v
(1)
π
ρ±,0
πρ±,0 , (4.18)
π±,3(2) = v
(2)
π
W±,Z
πW±,Z + v
(2)
π
ρ±,0
πρ±,0 , (4.19)
where
v
(1)
πZ =
1√
2
(
1− (1−t2)x24 + · · ·
)
, v
(1)
π
ρ0
= 1√
2
(
−1− (1−t2)x24 + · · ·
)
,
v
(2)
πZ =
1√
2
(
1 + (1−t
2)x2
4 + · · ·
)
, v
(2)
π
ρ0
= 1√
2
(
1− (1−t2)x24 + · · ·
)
,
(4.20)
with t = 0 for the wavefunctions of πW±,ρ± .
5. One-Loop Corrections to the Gauge Boson Self-Energies
In order to compute the one-loop corrections to the S and T parameters, we must evaluate
the relevant contributions to the gauge-boson self-energies [28, 29]. Using the results of the
previous section, the gauge-sector interactions may be written in terms of the mass-eigenstate
fields, yielding (order by order in x) the interactions necessary for our calculations. The gauge-
sector interactions, written in the mass-eigenstate basis, are summarized in Appendix A, and
the relevant diagrams are shown in figs. 2 and 3.
We define the self-energy amplitudes for the SM gauge bosons as∫
d4x e−ipx〈0|TAµi (x)Aνj (0)|0〉 = igµνΠAiAj (p) + (pµpν term) , (5.1)
where i and j denote the species of the SM gauge bosons. In the present calculation, we
choose the ’t Hooft-Feynman gauge ξ = 1. The amplitudes are evaluated by using the
Feynman integral formulae given in Appendix B; as described there, the formulae are derived
using dimensional regularization and renormalized at the cutoff scale Λ of the effective theory.
5.1 Neutral Gauge Boson Self-Energies
The values of the individual diagrams in Fig. 2 are shown in Appendix C. Putting these
contributions together, we obtain the photon self-energy
ΠAA(p
2) =
e2
(4π)2
· p2
[(
3 log
Λ2
M2W
+ 3 log
Λ2
M2
ρ±
)]
, (5.2)
the ZA mixing self-energy
ΠZA(p
2) =
e2
(4π)2sc
[
2M2W log
Λ2
M2W
+ (2c2 − 1)M2Z log
Λ2
M2
ρ±
+p2
(
18c2 + 1
6
log
Λ2
M2W
+
3(2c2 − 1)
2
log
Λ2
M2
ρ±
)]
, (5.3)
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ρ−
ρ+(A)
W−
W+(B) ρ±(C) W±(D)
(E) πρ+
πρ−
(F) πW+
πW−
πρ±
(G) πW±(H)
πρ∓
ρ±(I)
πW∓
(J) W
±
C¯ρ−
Cρ+(K)
C¯W−
CW+(L)
(M) πρ±
πW∓ πW∓
ρ±(N)
Z Z Z Z
W∓
(O) ρ±
C¯W∓ , CW∓
Cρ± , C¯ρ±(P)
Z Z Z Z
Figure 2: One-loop diagrams for the Z boson and photon self-energies ΠZZ,ZA,AA in the three-site
model. Each external line in diagrams (A) – (L) can be either a photon or a Z boson; (M), (N),
(O) and (P) apply only to the Z boson. Expressions for the relevant vertices are given in Appendix
A. Dots on vertices denote derivative couplings. As described in the text, the calculation is done in
’t Hooft-Feynman gauge. The πW/Z,ρ and CW/Z,ρ fields, respectively, denote the ’t Hooft-Feynman
gauge unphysical Goldstone bosons and the ghost fields corresponding to the electroweak and ρ bosons.
and the Z-boson self-energy
ΠZZ(p
2) =
e2
(4π)2s2c2
[{
4c2 − 3
2
}
M2W log
Λ2
M2W
+
{
56c2 − 47
8
M2W +
11
8
M2Z −
3
8
M2ρ±
}
log
Λ2
M2
ρ±
+p2
({
3c4 +
1
3
c2 − 1
12
}
log
Λ2
M2W
+
{
3c4 − 3c2 + 17
24
}
log
Λ2
M2
ρ±
)]
.
(5.4)
These expressions are correct to leading-log approximation, and to order α; we neglect cor-
rections O(αx2M2W ) or O(αx2p2), but keep those of order O(αx2M2ρ ) – and must therefore
also account for the difference10 betweenM2ρ+ andM
2
ρ0 in contributions proportional to αM
2
ρ .
We note that these results for ΠZA and ΠZZ are not transverse. While in the case of
the Z-boson, one expects a scalar contribution renormalizing the Z-boson mass, the ZA
mixing self-energy, properly defined, must be transverse by electromagnetic gauge-invariance.
Therefore the calculation is not yet complete. As is well-known, a gauge-invariant result is
obtained only after inclusion of the appropriate pieces (the so-called “pinch contributions”)
of one-loop vertex corrections and box diagrams [31, 32]. In ’t Hooft-Feynman gauge the only
10M2ρ0 =M
2
ρ+
+ s2M2W /c
2 + . . .
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AW±(A) ρ
±
(F)W±(D)
(Q) πW±
πZπW±
ρ0(M)
πW±
Z
C¯A, CA
CW− , C¯W−(H) (K)
Z
W±(B) Z(E)
C¯Z , CZ
CW± , C¯W±(I)
πW±
(L) A
ρ0
ρ±(C)
ρ0(G)
C¯ρ0 , Cρ0
Cρ± , C¯ρ±(J)
πρ±
ρ0(N)
πZ
ρ±(O)
πρ0
ρ±(P) (R) πρ±
πZ
(S) πW±
πρ0
πρ±
πρ0
(T) πρ0(W) πρ±(X)πW±(U) πZ(V)
Z
ρ±(Y)
ρ0
W±(Z) Cρ± , C¯ρ±
C¯Z , CZ
(α) (β)
C¯ρ0 , Cρ0
CW± , C¯W±
Figure 3: One-loop diagrams for theW boson self-energy ΠWW in the three-site model. The relevant
vertices are listed given in Appendix A. Dots on vertices denote derivative couplings. As described in
the text, the calculation is done in ’t Hooft-Feynman gauge. The πW/Z,ρ and CW/Z,ρ fields denote the
’t Hooft-Feynman gauge unphysical Goldstone bosons and ghost fields corresponding to the electroweak
and ρ bosons.
such contributions arise from diagrams containing triple-vector-boson vertices, as illustrated
for the electroweak and ρ gauge bosons in Fig. 4.
5.2 Charged Gauge Boson Self-Energies
The values of the individual diagrams in Fig. 3 are shown in Appendix D. Putting these
contributions together, and using the relation M2ρ0 ≈M2ρ± + s
2
c2
M2W , we obtain
ΠWW (p
2) =
e2
(4π)2s2
[{
13
4
M2W −
3
4
M2Z
}
log
Λ2
M2W
+
{
12c2 + 5
8
M2W +
3
8
M2Z −
3
8
M2ρ±
}
log
Λ2
M2
ρ±
+p2
(
13
4
log
Λ2
M2W
+
17
24
log
Λ2
M2
ρ±
)]
.
(5.5)
Again, the complete result will include pinch contributions.
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ρ+ ρ−
Z,A
ρ+ ρ−
Z,A
Pinch Part
W+ W−
Z,A
W+ W−
Z,A
Pinch Part
Figure 4: Vertex correction diagrams constructed from the SM and ρ gauge boson loops which
contribute to the pinch part of the self-energies [31, 32] for the Z and A bosons. The external fermion
lines are arbitrary, and may represent fermions charged under any combination of SU(2)0 or SU(2)1.
6. Pinch Contributions
6.1 Pinch Contributions in the Standard Model
We begin by reviewing the results of the pinch contributions to the Z and A self-energy
functions in the standard model: see the first row of diagrams in Fig. 4. As discussed in
detail in refs. [31, 32], the pinch contributions arise (in ’t-Hooft-Feynman gauge) from the
momentum dependence of the triple gauge-boson vertex, and yield effects proportional to the
following commutator of generators times coupling constants
[
g√
2
T+,
g√
2
T−] = g2T3 , (6.1)
where the two terms in the commutator arise from the contraction of the momentum with
the two charged-W vertices, and g = e/s is the weak coupling constant. The factors gT±/
√
2
arise from the W± couplings to the external fermion line currents JµW = gJ
µ
±/
√
2.
The pinch parts of the vertex corrections are proportional to the value of g2Jµ3 on the
relevant external fermion line. They are therefore universal, i.e. they depend only on the
charges of the external fermion lines. As we will see, this property allows their effects to
be incorporated into the gauge-boson self-energy functions. To do so, we will need to re-
express this current in terms of the (tree-level) currents to which the photon and Z bosons
couple. In the standard model, the relationship between the neutral mass-eigenstate and
gauge-eigenstate fields is given by
(
Zµ
Aµ
)
=
(
c −s
s c
)(
W µ3
Bµ
)
, (6.2)
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and, therefore, the relationship between the currents to which the mass eigenstates couple to
the symmetry currents of the theory is given by(
JµZ
JµA
)
=
(
c −s
s c
)(
e
sJ
µ
3
e
cJ
µ
Y
)
. (6.3)
Note that, in this notation, the JA and JZ currents include the relevant tree-level couplings.
Inverting this relationship, we may solve for g2Jµ3 in terms of JA,Z , and we find
e2
s2
Jµ3 =
(
e
c
s
JµZ + eJ
µ
A
)
. (6.4)
Let us first consider the pinch contribution to ΠAA, where
ΠµνAA = i g
µνΠAA + . . . (6.5)
and we neglect the terms proportional to pµpν , which will not contribute to the universal
corrections. The pinch parts of photon vertex corrections to the four-fermion scattering
amplitudes, then, are of the form
M|γone−loop ∝ A ·
1
p2
· eG(p2,M2W ) · (e
c
s
Z ′+ eA′)+ (ec
s
Z + eA) · eG(p2,M2W ) ·
1
p2
· A′ . (6.6)
The factors in the first term, read from left to right, represent the coupling of the photon
to one external fermion line, the photon propagator, the γW+W− coupling proportional to
e, the relevant one-loop pinch vertex correction function G(p2,M2W ) to the second photon-
fermion vertex, and lastly the coupling of g2Jµ3 to the other external fermion line (with
“primed” charges). The second term arises from applying the pinch vertex correction to the
first fermion-vertex instead. A contribution to the self-energy function ∆ΠAA, on the other
hand, generally gives rise to a correction of the form
M|AAone−loop ∝ A ·
1
p2
·∆ΠAA(p2) · 1
p2
· A′ . (6.7)
Thus Eqn. (6.6) may be viewed as yielding a contribution to ΠAA
∆ΠAA(p
2) = 2e2p2G(p2,M2W ) . (6.8)
Comparing this result for the standard model pinch contribution to that of [31, 32], we
find
∆ΠSMAA (p
2) = 4e2p2F2(MW ,MW ; p
2) , (6.9)
we see that G(p2,M2W ) ≡ 2F2(MW ,MW ; p2), where F2 is defined in Appendix B. Note that
the function G(p2,M2W ) will be the same in every standard model pinch contribution to the
self-energies of the Z and A bosons. In addition, since the loop-functions depends only on
the (universal) form of the triple gauge-boson vertex and the masses of the gauge-bosons, by
substituting the appropriate gauge-bosons in the more general expression F2(MA,MB ; p
2),
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we may use this result immediately to compute the relevant loop-function in any pinch con-
tribution in either the standard model or the three-site model.
The one-loop contribution in Eqn. (6.6) also gives rise to contributions proportional to
the product of the photon and Z charges of the external fermions, and hence also corrects
ΠZA(p
2). In general, a correction to ΠZA would give rise to a contribution to the four-fermion
amplitude of the form
M|ZAone−loop ∝ A ·
1
p2
·∆ΠZA(p2) · 1
p2 −M2Z
· Z ′ + Z · 1
p2 −M2Z
·∆ΠZA(p2) · 1
p2
· A′ . (6.10)
Hence, from Eqn. (6.6), we find a contribution
∆ΠγAZ = 2e
2 c
s
(p2 −M2Z)F2(MW ,MW ; p2) . (6.11)
The pinch parts of the Z vertex corrections to the four-fermion scattering amplitudes are
of the form
M|Zone−loop ∝ Z ·
1
p2 −M2Z
·ec
s
2F2 · (ec
s
Z ′+eA′)+(ec
s
Z+eA) ·ec
s
2F2 · 1
p2 −M2Z
·Z ′ , (6.12)
where we have abbreviated F2 = F2(MW ,MW ; p
2) and the e cs factor arises from the ZW
+W−
vertex. We see that this gives rise to a correction to ΠZA
∆ΠZZA = 2e
2 c
s
p2F2(MW ,MW ; p
2) , (6.13)
and, hence, the total pinch contribution to ∆ΠAZ is
∆ΠSMAZ = ∆Π
γ
ZA +∆Π
Z
ZA = 2e
2 c
s
(2p2 −M2Z)F2(MW ,MW ; p2) , (6.14)
in agreement with [31, 32].
Eqn. (6.12) also makes a contribution proportional to the product of the Z charges of
the external fermions. If we write corrections to ΠZZ in the general form,
M|ZZone−loop ∝ Z ·
1
p2 −M2Z
·∆ΠZZ(p2) · 1
p2 −M2Z
· Z ′ , (6.15)
then, Eqn. (6.12) yields the pinch contribution
∆ΠSMZZ = 4e
2 c
2
s2
(p2 −M2Z)F2(MW ,MW ; p2) , (6.16)
in agreement with [31, 32].
An analogous calculation, arising from W -boson vertex corrections and corresponding
to the commutator of one charged and one neutral current, yields the corresponding pinch
correction for the W boson propagator [31, 32]
∆ΠSMWW =
4e2
s2
(p2 −M2W )
[
c2F2(MZ ,MW ; p
2) + s2F2(0,MW ; p
2)
]
, (6.17)
in which the two terms represent the contributions from vertex corrections with internal ZW
and γW states, respectively.
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6.2 Additional Pinch Contributions in the Three Site Model
We next consider the pinch contributions in the three site model [27], as illustrated in the
second row of diagrams in Fig. 4. In this model, up to corrections of order O(x2), the
mass-eigenstate charged gauge bosons are related to the gauge-eigenstates through (cf. Eqn.
(4.5)) (
W+µ
ρ+µ
)
=
(
1 x2
−x2 1
)(
L+µ
V +µ
)
. (6.18)
In order to understand the form of the pinch contributions, we need to understand the currents
to which these gauge-bosons couple(
JµW
Jµρ±
)
=
(
1 x2
−x2 1
)(
(1− x1) e√2sJ
µ
±
e√
2sx
(Jµ±
′
+ x1J
µ
±)
)
, (6.19)
where Jµ represents the current associated with fermions primarily charged under SU(2)0
delocalized by an amount x1 – the ordinary fermions – and J
µ′ represents any matter charged
primarily SU(2)1 (see Eqn. (2.8)). Here we approximate g0 ≈ e/s and g1 = e/sx. From this,
we find
Jµρ± =
e√
2sx
Jµ±
′ − xe
2
√
2s
(1− 2x1
x2
)Jµ± , (6.20)
where we have neglected terms of order O(x1x2) = O(x3). Note that, as required by ideal
delocalization, the ordinary fermions do not couple to the charged-ρ bosons when x1 = x
2/2.
Comparing to Eqn. (6.1), we see that the pinch contributions arising from ρ-boson vertex
corrections in the three site model will be proportional to[
e√
2sx
T+
′ − xe
2
√
2s
(
1− 2x1
x2
)
T+,
e√
2sx
T−′ − xe
2
√
2s
(
1− 2x1
x2
)
T−
]
=
e2
s2
T3
′+
x2e2
4s2
(
1− 2x1
x2
)2
T3 .
(6.21)
The second term above is proportional to x2, and is therefore irrelevant in what follows.
The pinch contributions are therefore proportional to the value of e2Jµ3
′
/s2x2 on the
relevant external fermion line. As in Eqn. (6.4), the key to understanding the pinch contri-
butions is to determine the relationship between Jµ3
′
and the currents to which the neutral
mass-eigenstates couple. Diagonalizing the mass-squared matrix, we find that the relationship
between the neutral boson gauge- and mass-eigenstates is given by (cf. Eqn. (4.11))
Z
µ
Aµ
ρµ

 =

 c −s
c2−s2
2c x
s c sx
−x2 − sx2c 1



L
µ
3
Bµ
V µ3

 , (6.22)
where the rotation matrix is orthogonal up to corrections of O(x2). The relationship between
the currents to which the neutral mass-eigenstates couple and the symmetry currents is given,
therefore, by 
J
µ
Z
JµA
Jµρ

 =

 c −s
c2−s2
2c x
s c sx
−x2 − sx2c 1



 (1− x1)
e
sJ
µ
3
e
cJ
µ
Y
e
sx(J
µ
3
′
+ x1J
µ
3 )

 , (6.23)
– 19 –
allowing for fermion delocalization. Inverting the matrix, we find the relations
e
sx
(Jµ3
′
+ x1J
µ
3 ) = J
µ
ρ + sxJ
µ
A +
c2 − s2
2c
xJµZ , (6.24)
and
e
s
(1− x1)Jµ3 = cJµZ + sJµA −
x
2
Jµρ . (6.25)
Noting that x1 = O(x2), and therefore neglecting it on the left hand side of Eqn. (6.25), we
may rearrange these equations to find
e2
s2x2
Jµ3
′
=
e
sx
(
1− x1
2
)
Jµρ + e
(
1− x1
x2
)
JµA + e
c2 − s2
2cs
(
1− 2c
2
c2 − s2
x1
x2
)
JµZ . (6.26)
This equation will allow us to extract the pinch contributions in the three site model – note
that the operator e2Jµ3
′
/s2x2 has, counter-intuitively, relevant weak-size couplings to the
ordinary fermion currents JµA and J
µ
Z !
In analogy with our calculations in the standard model, we may immediately read off the
form of the ρ-boson vertex correction contributions to photon exchange
M|γone−loop = A·
1
p2
·2eF˜2 ·
[
e
(
1− x1
x2
)
A′ + ec
2 − s2
2cs
(
1− 2c
2
c2 − s2
x1
x2
)
Z ′
]
+(A,Z ↔ A′,Z ′) ,
(6.27)
where the 2eF˜2 includes both the γρ
+ρ− coupling e, and the loop-function 2F˜2 = 2F2(Mρ,Mρ; p2).
Similarly, the ρ-boson vertex corrections to Z exchange may be written
M|Zone−loop =Z ·
1
p2 −M2Z
· 2e(c
2 − s2)
2cs
F˜2 ·
[
e
(
1− x1
x2
)
A′ + ec
2 − s2
2cs
(
1− 2c
2
c2 − s2
x1
x2
)
Z ′
]
+ (A,Z ↔ A′,Z ′) ,
(6.28)
where the Zρ+ρ− coupling is proportional to e(c2 − s2)/2cs to leading order (see Table 5 of
Appendix A.4).
We may then compute the corresponding pinch contributions, by comparing Eqns. (6.27)
and (6.28) to Eqns. (6.7), (6.10), and (6.15). From this we obtain
∆Π3−siteAA (p
2) = 4e2
(
1− x1
x2
)
p2F2(Mρ,Mρ; p
2) , (6.29)
∆Πγ,3−siteZA (p
2) =
e2(c2 − s2)
cs
(
1− 2c
2
c2 − s2
x1
x2
)
(p2 −M2Z)F2(Mρ,Mρ; p2) , (6.30)
∆ΠZ,3−siteZA (p
2) =
e2(c2 − s2)
cs
(
1− x1
x2
)
p2F2(Mρ,Mρ; p
2) , (6.31)
∆Π3−siteZZ (p
2) =
e2(c2 − s2)2
s2c2
(
1− 2c
2
c2 − s2
x1
x2
)
(p2 −M2Z)F2(Mρ,Mρ; p2) . (6.32)
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Figure 5: One-loop vertex contributions to neutral-current processes arising from the delocalization
operator L′f . As described in the appendix, since they are universal – i.e. proportional to the charges
of the external fermions – these contributions can be incorporated into the neutral gauge boson self-
energy functions ΠZA,ZZ . Eots on vertices denote derivative couplings. The delocalization operator is
proportional to x1 = O(x2), and therefore only the contributions proportional to M2ρ , which are illus-
trated here, contribute to this order. There are analogous contributions to charged-current processes,
which result in corrections to ΠWW .
Precisely analogous computations, arising fromW -boson vertex corrections and corresponding
to the commutator [Jµρ±, J
ν
ρ ], yields the pinch correction for the W boson propagator
∆Π3−siteWW (p
2) =
e2
s2
(
1− 2x1
x2
)
(p2 −M2W )F2(Mρ,Mρ; p2) . (6.33)
Note that, consistent with isospin symmetry, ∆ΠZZ in Eqn. (6.32) reduces to ∆ΠWW in
Eqn. (6.33) in the limit c→ 1 with e/s held fixed.
Finally to the order in which we work, expanding F2(Mρ,Mρ; p
2) for p2 ≃ M2W,Z ≪
M2ρ , we see that we may approximate F2(Mρ,Mρ; p
2) ≈ F2(Mρ,Mρ; 0), and these pinch
contributions only affect the values of the self-energies at zero momentum.
As described here, the “pinch” contributions are determined entirely by the gauge sym-
metry and fermion coupling structure(s) of the theory. Examining Eqn. (6.23) however, one
notes that the couplings of the fermions (with current Jµ) to the ρ are suppressed by x.
The vertex diagrams illustrated in the lower row of Fig. 4, therefore, do not contribute in
the case of ordinary fermions on the external lines! Diagrammatically, as shown explicitly in
Appendix E, for ordinary fermions the contributions in Eqns. (6.29) – (6.33) may be shown
to arise instead from γ−ρ, Z−ρ, andW −ρ mixing corrections to the four-fermion scattering
amplitudes.
7. Fermion Delocalization Contributions
Consider the fermion delocalization operator of Eqn. (2.8)
L′f = −x1 · ψ¯L(iD/ Σ(1)Σ†(1))ψL ,
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where DµΣ(1) = ∂µΣ(1) − ig0LµΣ(1) + ig1Σ(1)Vµ. The link variable Σ(1) is expanded as
Σ(1) = e
i2π(1)/f = 1 + 2i
π(1)
f
−
2π2(1)
f2
+ · · · . (7.1)
From this, we see that the delocalization operator of Eqn. (2.8) is expressed as
L′f = −x1g1
2
f
ǫabcπa(1)V
b
µJ
µc
L − x1
2
f2
ǫabcπa(1)∂µπ
b
(1)J
µc
L
+x1g1
2
f2
ǫeabǫecdV aµ π
b
(1)π
c
(1)J
µd
L + · · · , (7.2)
where JµaL = ψ¯Lγ
µT aψL. In terms of the mass- and charged-eigenstate fields, to leading order
in x, we find
L′f |NC = −i
e2
s2Mρ±
(x1
x2
)
Jµ3L
[
ρ+µ πW− − ρ+µ πρ−
]
+ h.c.
−i e
2
2s2M2
ρ±
(x1
x2
)
Jµ3L
[(
πW+
↔
∂ µ πW−
)
+
(
πρ+
↔
∂ µ πρ−
)
−
(
πW+
↔
∂ µ πρ−
)
−
(
πρ−
↔
∂ µ πW+
)]
− e
3
s2M2
ρ±
(x1
x2
)
Jµ3L
(
Aµ +
c2 − s2
2sc
Zµ
)(
πW+πW− + πρ+πρ−
)
+ · · · , (7.3)
where we have used f ≈ √2Mρ±/g1 and g0 ≈ e/s which are valid only to leading order in x.
As illustrated in Fig. 5, these couplings in the delocalization operator give rise to vertex-
corrections to neutral- and charged-current four-fermion processes.11 These diagrams are
evaluated in Appendix F, and their effects are summarized by the effective interactions in
Eqn. (F.10). Using the relation (cf. Eqn. (6.3))
e
s
Jµ3L = (cJ
µ
Z + sJ
µ
A) , (7.4)
we may rewrite Eqn. (F.10) in terms of the currents JµA and J
µ
Z ,
Leff =
{
G1J
µ
Z +
s
c
G1J
µ
A
}
Zµ +
{
scG2J
µ
Z + s
2G2J
µ
A
}
Aµ , (7.5)
where we have abbreviated G1,2 = G1,2(M
2
ρ± ;x1), and these functions are defined in Eqns.
(F.11) and (F.12). Note that these vertex corrections are universal – i.e. proportional to the
charges of the external fermions. As in the case of the “pinch” contributions, their effects
may be incorporated into corrections of the gauge-boson self-energy functions.
11As described in [33], these contributions correspond to renormalizations of the parameter x1. As noted
previously (see footnote 1), there is no explanation for the amount of delocalization in this low-energy effective
theory.
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The contribution of these corrections to four-fermion amplitudes mediated by the photon
(Mone−loopγ ) and Z boson (Mone−loopZ ) exchange may then be written
Mone−loopγ =
{
scG2Z + (1 + s2G2)A
} 1
p2
{
scG2Z ′ + (1 + s2G2)A′
}
, (7.6)
Mone−loopZ =
{
(1 +G1)Z + s
c
G1A
} 1
p2 −M2Z
{
(1 +G1)Z ′ + s
c
G1A′
}
, (7.7)
where, as before, A(′) and Z(′) are photon- and Z-charges carried by the external fermions.
From the forms of Eqns.(7.6) and (7.7), we can read off the corrections to the self-energy
functions,
∆ΠAA(p
2) = 2s2G2 · p2 , (7.8)
∆ΠγZA(p
2) = scG2 · (p2 −M2Z) , (7.9)
∆ΠZZA(p
2) =
s
c
G1 · p2 , (7.10)
∆ΠZZ(p
2) = 2G1 · (p2 −M2Z) . (7.11)
By an analogous computation, or by noting the isospin symmetry relation, ∆ΠWW = ∆ΠZZ |c→1
with (e/s) fixed, we can also easily read off the corresponding correction to the W boson self-
energy function.
Substituting Eqns.(F.11) and (F.12) into Eqns.(7.8)-(7.11) we find
∆ΠdelocalAA (p
2) =
4e2
(4π)2
(x1
x2
)
p2 log
Λ2
M2ρ±
, (7.12)
∆ΠdelocalZA (p
2) =
e2
(4π)2sc
(x1
x2
)[(
4c2 − 1
4
)
p2 − 2M2W
]
log
Λ2
M2
ρ±
, (7.13)
∆ΠdelocalZZ (p
2) =
e2
(4π)2s2
(
4c2 − 1
2
)
(p2 −M2Z)
(x1
x2
)
log
Λ2
M2
ρ±
, (7.14)
∆ΠdelocalWW (p
2) =
7e2
2(4π)2s2
(p2 −M2W )
(x1
x2
)
log
Λ2
M2
ρ±
. (7.15)
8. Total Gauge Boson Self-Energies
8.1 Neutral Gauge Bosons
Including the standard model and three-site “pinch corrections”, and the corrections arising
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from the fermion delocalization operator, we find the neutral gauge boson self-energies
ΠAA(p
2) = ΠAA(p
2) + 4e2p2
{
F2(MW ,MW ; p
2) + F2(Mρ± ,Mρ± ; p
2)
}
, (8.1)
ΠZA(p
2) = ΠZA(p
2) +
2e2c
s
(2p2 −M2Z)F2(MW ,MW ; p2)
+
e2(c2 − s2)
sc
(
p2
{
2 +
3
4(c2 − s2)
(x1
x2
)}
−M2Z
)
F2(Mρ± ,Mρ± ; p
2) , (8.2)
ΠZZ(p) = ΠZZ(p
2) +
4e2c2
s2
(p2 −M2Z)F2(MW ,MW ; p2)
+
e2(c2 − s2)2
s2c2
{
1 +
3c2
2(c2 − s2)2
(x1
x2
)}
(p2 −M2Z)F2(Mρ± ,Mρ± ; p2) , (8.3)
where the ΠAA,ZA,ZZ were computed in Section 5.1, and the function F2 is defined in Ap-
pendix B. Evaluating and simplifying, we have
ΠAA(p
2) =
e2
(4π)2
p2
[
7 log
M2ρ±
M2W
+ 14 log
Λ2
M2
ρ±
]
, (8.4)
ΠZA(p
2) =
e2
(4π)2sc
p2
[{
7c2 +
1
6
}
log
M2ρ±
M2W
+
{
14c2 − 10
3
+
3
4
(x1
x2
)}
log
Λ2
M2
ρ±
]
, (8.5)
ΠZZ(p
2) =
e2
(4π)2s2c2
[
− 3
2
M2W log
M2ρ±
M2W
+
({
3c2 − 27
8
− 3
2
(x1
x2
)}
M2W +
3
8
M2Z −
3
8
M2ρ±
)
log
Λ2
M2
ρ±
+p2
({
7c4 +
1
3
c2 − 1
12
}
log
M2ρ±
M2W
+
{
14c4 − 20
3
c2 +
39
24
+
3
2
c2
(x1
x2
)}
log
Λ2
M2
ρ±
)]
. (8.6)
up to O(αx2p2) or O(αx2M2W ). Note that the modified AA and ZA self-energies are purely
transverse. The ZZ self-energy, ΠZZ(p
2), represents, in part, a renormalization of the elec-
troweak symmetry breaking scale12 similar to the corresponding one-loop renormalization
proportional to the Higgs boson mass-squared in the standard model [34].
8.2 Charged Gauge Boson
Including the standard model and three-site “pinch corrections”, and the corrections arising
12That is, a renormalization of the electroweak F -constant, equal to the vacuum expectation value of the
Higgs in the standard model
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from the fermion delocalization operator, we find the charged gauge boson self-energy
ΠWW (p
2) = ΠWW (p
2) +
4e2
s2
(p2 −M2W )
[
c2F2(MZ ,MW ; p
2) + s2F2(0,MW ; p
2)
]
+
e2
s2
{
1 +
3
2
(x1
x2
)}
(p2 −M2W )F2(Mρ0 ,Mρ± ; p2) ., (8.7)
where ΠWW is computed in Section 5.2, and the function F2 is defined in Appendix B.
Evaluating and simplifying, we find
ΠWW (p
2) =
e2
(4π)2s2
[
− 3
4
(M2W +M
2
Z) log
M2ρ±
M2W
+
{
12c2 − 9
8
M2W −
3
8
M2Z −
3
8
M2ρ± −
3
2
(x1
x2
)
M2W
}
log
Λ2
M2
ρ±
+p2
(
29
4
log
M2ρ±
M2W
+
{
215
24
+
3
2
(x1
x2
)}
log
Λ2
M2
ρ±
)]
. (8.8)
Note that, in the custodial isospin symmetric limit sin2 θ → 0 (i.e. c2 → 1 and M2Z →M2W ),
Eqn. (8.6) reduces to Eqn. (8.8).
9. Precision Electroweak Corrections
9.1 The S Parameter and Counterterms
The neutral gauge boson self-energies contribute to the S parameter as [28]
αS1−loop
4s2c2
= Π
′
ZZ(0)−Π′AA(0) −
c2 − s2
sc
Π
′
ZA(0) , (9.1)
By using Eqs.(8.4)-(8.6), the leading correction to the S parameter is evaluated in the limit
M2ρ±,0 ≫M2W as
αS1−loop =
α
12π
log
M2ρ
M2W
− 41α
24π
log
Λ2
M2ρ
+
3α
4π
(x1
x2
)
log
Λ2
M2ρ
. (9.2)
Note that the first term arises from “scaling” between MW and Mρ – and has a coefficient
precisely equal to the leading-log contribution from a heavy Higgs boson[28]
αSHiggs =
α
12π
log
(
M2H
M2W
)
. (9.3)
This allows us to match our calculation to the phenomenological extractions of S which
depend on a reference standard model Higgs-boson mass.
The dependence on the renormalization scale (here taken to be the cutoff Λ of the effective
theory) is cancelled by the scale-dependence of the appropriate counterms [18]. The O(p4)
counterterms relevant to S1−loop are given by
L(4) = c1g1g2Tr[VµνΣ(2)Bµν
σ3
2
Σ†(2)] + c2g1g0Tr[LµνΣ(1)V
µνΣ†(1)] . (9.4)
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By using Eqn. (4.8)-(4.10), these may be written in terms of the mass eigenstate fields as
L(4)|quadZ,A =
i
2
δZZ(ZµD
µνZν) + iδZA(ZµD
µνAν) +
i
2
δAA(AµD
µνAν) , (9.5)
where Dµν = −∂2gµν + ∂µ∂ν and
δZZ =
e2(c2 − s2)
c2s2
[
− s2c1 + c2c2
]
, (9.6)
δZA =
e2
2sc
[
(c2 − 3s2)c1 + (3c2 − s2)c2
]
, (9.7)
δAA = 2e
2
[
c1 + c2
]
. (9.8)
From this, applying Eqn. (9.1), we find the contribution to S
δS1−loop = −8π(c1 + c2) . (9.9)
Adjusting for the reference Higgs mass, using Eqn. (9.3) and adding the contribution
from the counterterms in Eqn. (9.9), we arrive at our final result (Eqn. (1.1))
αS3−site =
[
4s2M2W
M2ρ
(
1− x1M
2
ρ
2M2W
)]
µ=Λ
+
α
12π
log
M2ρ
M2Href
− 41α
24π
log
Λ2
M2ρ
+
3α
8π
(
x1M
2
ρ
2M2W
)
log
Λ2
M2ρ
−8πα(c1(Λ) + c2(Λ)) ,
where the tree-level expression and the counterterms are now understood to be evaluated at
scale Λ.
9.2 αT and a Counterterm
The T parameter [28] is expressed in terms of the W and Z boson self-energies as
αT1−loop =
ΠWW (0)
M2W
− ΠZZ(0)
M2Z
. (9.10)
Noting
M2ρ±
M2W
−
M2ρ±
c2M2Z
=
s2(4c2 − 1)
c2
+O(x2) , (9.11)
from Eqns.(8.8) and (8.6), we have
αT1−loop = − 3α
16πc2
log
M2ρ
M2W
− 3α
32πc2
log
Λ2
M2ρ
. (9.12)
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Note that, as in the case of the S-parameter, the first term arises from “scaling” between
MW and Mρ – and has precisely the same form as the leading-log contribution from a heavy
Higgs boson [28]
αTHiggs = − 3α
16πc2
log
M2H
M2W
. (9.13)
This allows us to match our calculation to the phemenological extractions of T which depend
on a reference standard model Higgs-boson mass.
The dependence on the renormalization scale (here taken to be the cutoff, Λ, of the
effective theory) is cancelled by the scale-dependence of the appropriate counterterm. The
O(p4) counterterm13 relevant to T1−loop is
δL = c0g22f2
(
tr[DµΣ(2)
τ3
2
Σ†(2)]
)2
=
4πα c0
c2
f2
(
tr[DµΣ(2)
τ3
2
Σ†(2)]
)2
. (9.14)
Using Eqns. (4.6), (4.9) and (4.10), in unitary gauge we read off a correction to the Z boson
mass (but not the W boson mass) from Eqn. (9.14):
δM2Z = −
4πα c0
c2
M2Z , (9.15)
which leads to a contribution to αT :
[δ (αT )]1−loop =
4πα c0(Λ)
c2
. (9.16)
Adjusting for the reference Higgs mass, MHref , using Eqn. (9.13) and adding the contri-
bution from the counterterm in Eqn. (9.14), we then arrive at the final result quoted in Eqn.
(1.2):
αT3−site = − 3α
16πc2
log
M2ρ
M2Href
− 3α
32πc2
log
Λ2
M2ρ
+
4πα c0(Λ)
c2
.
In addition to this contribution, there will typically be additional contributions to the T -
parameter2 arising from isospin-violation in the fermion sector [27].
10. Reduction to the Two-Site Model
In the limit MHiggs → ∞, which corresponds to taking the self-coupling of the Higgs to
infinity, the standard model formally reduces to the electroweak chiral lagrangian [34, 35]
which may be viewed as the “two-site” model illustrated in Fig. 6. Consider the limit
Mρ → ∞ in the three-site model, obtained by taking the coupling g1 in Fig. 1 to infinity.
In either case one is taking a dimensionless coupling to infinity, and the ordinary decoupling
theorem [36] does not apply.
13Note that the tree-level value of αT is O(M4W /M
4
ρ ) in Higgsless models [20], and therefore this counterterm
is formally of O(p4). This is manifest in Eqn. (9.14) by the fact that the counterterm is proportional to g22 .
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Figure 6: Two-site nonlinear model which is, formally, the limit of the standard model as MHiggs →
∞ [34, 35].
Z Z
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πW− πW+
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W+ W−
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πW−,Z πW+,Z
Figure 7: ρ-exchange diagrams contributing to the πW+πW−ZZ, πW+πW−W
+W− and πZπZW
+W−
interaction terms at energy scales p2 ≪M2ρ .
Indeed, as noted above, there are interaction vertices proportional toMρ (see Eqn. (A.1))
in the three-site model. These yield corrections to ΠZZ and ΠWW that are proportional
to lnM2ρ/M
2
W without any 1/M
2
ρ suppression factor. Ordinarily, one would expect such
contributions to the low-energy behavior of the theory to arise only from diagrams without
propagating ρ bosons. In this case, however, the non-decoupling is manifested by the presence
of terms proportional to lnM2ρ /M
2
W in the amplitudes for diagram (N)ZZ of Fig. 2 and
diagrams (M)WW and (O)WW of Fig. 4, all of which include propagating ρ fields. Examining
the contributions of these diagrams in detail (see Eqns. (C.38, D.13, D.15)) reveals that these
diagrams contribute only to ΠZZ,WW (0), and therefore affect αT but not αS.
Nonetheless, we have seen above that the one-loop leading-log contribution to T arising
from scaling betweenMW andMρ has precisely the same form as the leading-log contribution
from a heavy Higgs boson. In retrospect, this is an expected result. The chiral-logarithmic
contributions of this kind depend only on the low-energy theory valid at energy scales between
MW and Mρ. The leading order – O(p2) – interactions in this energy regime are determined
entirely by gauge-invariance and chiral low-energy theorems. Since the gauge- and chiral-
symmetries of the three-site model at energies below Mρ are precisely the same as those in
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πW+πW−ZZ πW+πW−W
+W− πZπZW+W− πZπZZZ
2-site −e2 0 0 0
3-site e
2(c2−s2)2
4s2c2
e2
4s2
e2
4s2
0
Table 1: This table lists the coupling constants of the tree-level two-pion/two-gauge-boson interac-
tions arising from the O(p2) interactions in the 2-site and 3-site models. Adding the non-decoupling
contributions arising from ρ-exchange illustrated in Fig. 7, Eqn. (10.1), we see that the 3-site inter-
actions reduce to those of the 2-site model at energies less than Mρ.
the standard model, the O(p2) interactions must be the same in both theories — and therefore
the chiral-logarithmic corrections arising from this energy regime must also be the same in
both theories [51, 52, 53, 54].
Examining the pion and Goldstone boson interactions in the O(p2) lagrangian, we find
that the only differences between the three-site and two-site model relevant to the calculation
of the gauge-boson self-energies occur in the two-pion/two-gauge-boson interactions summa-
rized in table 1. We may see how the three-site to two-site reduction occurs explicitly.14
Starting in the three-site model, we have the LππAA vertices listed in table 1. We also have
ππAA interactions mediated by ρ-exchange, as illustrated in the left panel of Fig. 7. At
energies E < Mρ, we may integrate out the ρ-mesons and, at tree-level, we obtain additional
ππAA interactions as illustrated in the right panel of Fig. 7. The correspondingly induced
couplings are evaluated to be
δgπWπWWW = −
e2
4s2
, δgπZπZWW = −
e2
4s2
,
δgπWπWZZ = −
e2
4s2c2
. (10.1)
Combining these contributions with the three-site couplings given in table 1, we find that the
three-site model interactions reduce to those of the two-site model at energies less than Mρ.
11. Discussion
We have computed the one-loop corrections to the S and T parameters in a highly-deconstructed
three site Higgless model. Higgsless models may be considered as dual [37, 38, 39, 40] to mod-
els of dynamical symmetry breaking [41, 42] akin to “walking technicolor” [43, 44, 45, 46, 47,
48], and in these terms our calculation is the first to compute the subleading 1/N corrections
to the S and T parameters. We find that the chiral-logarithmic corrections naturally separate
into a model-independent part arising from scaling below the ρ mass, which has the same form
as the large Higgs-mass dependence of the S or T parameter in the standard model, and a
second model-dependent contribution arising from scaling between the ρ mass and the cutoff
14See Figs. 2 and 3 of ref. [55].
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of the model. The former allows us to correctly interpret the phenomenologically derived lim-
its on the S and T parameters (in terms of a “reference” Higgs-boson mass) in this three-site
Higgsless model. We also discussed the reduction of the model to the “two-site” model, which
is the usual electroweak chiral lagrangian, noting the “non-decoupling” contributions present
in the limit Mρ →∞.
Our analysis has focused on contributions to the S and T parameters from the extended
electroweak gauge sector. In principle, there would also be contributions from the extended
fermion sector of the model. We calculated these contributions2 to αT in the three-site
model [27] and demonstrated that they are sizable enough to place strong lower bounds on
the masses of the KK fermions. Specifically, the enlarged fermion sector results from adding
fermions with Dirac masses (M) and the bound from αT is M ≥ 1.8 TeV. The contributions
of these Dirac fermions to the S parameter decouple in the large-M limit; the lower bound
on M is large enough to render their O(M2W /16π2M2) contributions to αS negligible.
In the limit in which the vector fields at sites 0 and 2 are treated as external gauge
fields (i.e., not as dynamical fields) the three-site model is equivalent to the “vector limit”
[56] (with a=1) of “Hidden Local Symmetry” [51, 52, 53, 54, 55] models of chiral dynamics
in QCD. The calculation of one-loop corrections to the S-parameter presented here – in the
limit of “brane-localized” fermions, x1 = 0 – is equivalent to those presented in [62, 55]. Note,
however, the contributions to the T parameter arise from one-loop diagrams involving the
vector-boson at site 2, and cannot be reproduced in the limit that one treats this gauge-boson
as external.
In a forthcoming publication [33] we will report the results of a full renormalization-group
analysis of the O(p4) terms in the three-site Higgsless model effective theory, allowing us to
independently confirm the results in Eqns. (1.1) and (1.2), and to express the values of αS
and αT in terms of low-energy parameters.
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A. Interactions of Mass Eigenstate Fields
In this appendix, we rewrite the gauge-sector interactions from Section 3 in terms of mass
eigenstate fields using Eqns. (4.3) – (4.4) and (4.8) – (4.14), expanding those in powers of
x and keeping the terms which give rise to a non-trivial contribution to the gauge boson
self-energy functions in the leading log approximation, up to corrections of order O(αx2M2W ).
A.1 Three-Point Vertices Proportional to Gauge Boson Masses: LπAA
Rewriting eqn. (3.34) in terms of mass eigenstate fields yields
LπAA = i
[ ∑
n=A,Z,ρ0
{(
g
π
W−
nW+
nµW
µ+ + g
π
W−
nρ+
nµρ
µ+
)
πW−
+
(
g
π
ρ−
nW+
nµW
µ+ + g
π
ρ−
nρ+
nµρ
µ+
)
πρ−
}
+
α6=β∑
α,β=W±,ρ±
{
gπZαβ αµβ
µπZ + g
π
ρ−
αβ αµβ
µπρ−
)]
+ h.c. . (A.1)
The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given
in Eqns.(4.5), (4.11) and (4.20) as
g
π
W−
nα =
eMρ±√
2s
(
1 +
4s2 − 1
8
x2
)([
vLnv
V
α − vVn vLα
]
v(1)π
W±
− t · vBn vVα v(2)π
W±
)
, (A.2)
g
π
ρ−
nα =
eMρ±√
2s
(
1 +
4s2 − 1
8
x2
)([
vLnv
V
α − vVn vLα
]
v(1)π
ρ±
− t · vBn vVα v(2)π
ρ±
)
, (A.3)
gπZαβ =
eMρ±√
2s
(
1 +
4s2 − 1
8
x2
)(
vLαv
V
β − vVα vLβ
)
v(1)πZ (α 6= β) , (A.4)
g
π
ρ0
αβ =
eMρ±√
2s
(
1 +
4s2 − 1
8
x2
)(
vLαv
V
β − vVα vLβ
)
v(1)π
ρ0
(α 6= β) , (A.5)
for α, β =W±, ρ± and n = A,Z, ρ0. In obtaining the expressions for these couplings, we have
used Eqn. (4.12) and
g1f =
√
2Mρ±
(
1− x
2
8
+ · · ·
)
, (A.6)
which follows from Eqn. (4.2). The explicit expressions for each of these couplings is shown
in table 2. From table 2, in the isospin symmetric limit s → 0 (or c → 1) with (e/s) fixed,
we find
g
π
ρ−
ZW+
|c→1 = g
π
ρ0
W+W−
= 0 , g
π
W−
ρ0W+
|c→1 = gπW−Zρ+ |c→1 = gπZW−ρ+ |c→1 ,
g
π
ρ−
ρ0W+
|c→1 = g
π
ρ+
Zρ−
|c→1 = g
π
ρ0
W−ρ+
|c→1 , (A.7)
as expected.
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n g
π
W−
nW+
g
π
ρ−
nW+
A −eMW 0
Z esMWc
eMWx
2
8sc
(
1− 1
c2
)
ρ0 − eMρ±2s
(
1− x
2(4c2−4+ 3
c2
)
8
)
eM
ρ±
2s
(
1 +
x2(−4c2+4+ 1
c2
)
8
)
n g
π
W−
nρ+
g
π
ρ−
nρ+
A 0 −eMρ±
Z
eM
ρ±
2sc
(
1− x
2(8c2−6+ 1
c2
)
8
)
− e(c
2−s2)M
ρ±
2sc
(
1 + x
2
8(c2−s2)c2
)
ρ0 esMW2c2
esMW
2c2
gπZαβ β = W
+ β = ρ+
α = W− 0
eM
ρ±
2s
(
1− x
2(4c2+1− 2
c2
)
8
)
α = ρ− − eMρ±2s
(
1− x
2(4c2+1− 2
c2
)
8
)
0
g
π
ρ0
αβ β =W
+ β = ρ+
α =W− 0 − eMρ±2s
(
1 +
x2(−4c2+7− 2
c2
)
8
)
α = ρ−
eM
ρ±
2s
(
1 +
x2(−4c2+7− 2
c2
)
8
)
0
Table 2: The Goldstone boson couplings proportional to gauge boson masses.
The interaction vertices in eqn. (A.1) include terms that explicitly mix the standard
model and new-physics sectors of the model. The second term in line one of Eqn. (A.1)
includes an interaction (ZρπW ) contributing to diagram (N)ZZ of Fig. 2. The first term of
line one includes an interaction (WρπW ) contributing to diagram (M)WW of Fig. 3; the first
term of line three includes a WρπZ interaction contributing to diagram (O)WW of the same
figure. All three of these terms contribute to diagrams whose amplitudes are explicitly found
to have non-decoupling contributions proportional to ln(M2ρ /M
2
W ), unsuppressed by factors
of 1/M2ρ .
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A.2 Three-Point Vertices Dependent on Derivatives: LππA
Rewriting Eqn. (3.35) in terms of mass eigenstate fields yields
LππA = i
{ ∑
n=A,Z,ρ0
nµ
[
gnπ
W+πW−
∂µπW+πW− + g
n
π
ρ+πρ−
∂µπρ+πρ−
+gnπ
W+πρ−
(
∂µπW+πρ− + ∂
µπρ+πW−
) ]
+
∑
α=W±,ρ±
αµ
[
gαπZπW−
(
πZ
↔
∂ µ πW−
)
+ gαπ
ρ0πρ−
(
πρ0
↔
∂ µ πρ−
)
+gαπZπρ−
(
πZ
↔
∂ µ πρ−
)
+ gαπ
ρ0πW−
(
πρ0
↔
∂ µ πW−
)]}
+h.c. . (A.8)
The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given
in Eqns.(4.5), (4.11) and (4.20) as
gnπαπβ =
e
2s
(
1 +
s2
2
x2
)[
v(1)πα v
(1)
πβ
(vLn +
1
x
vVn ) + v
(2)
πα v
(2)
πβ
(t · vBn +
1
x
vVn )
]
, (A.9)
gαπZπβ = −
e
2s
(
1 +
s2
2
x2
)[
v(1)πZ v
(1)
πβ
(vLα +
1
x
vVα ) +
1
x
v(2)πZ v
(2)
πβ
vVα
]
, (A.10)
gαπ
ρ0πβ
= − e
2s
(
1 +
s2
2
x2
)[
v(1)π
ρ0
v(1)πβ (v
L
α +
1
x
vVα ) +
1
x
v(2)π
ρ0
v(2)πβ v
V
α
]
, (A.11)
for α, β =W±, ρ± and n = A,Z, ρ0. In obtaining the expressions for these couplings, we have
used Eqn. (4.12). The explicit expression for each of these couplings is shown in table 3.
From table 3, in the isospin symmetric limit s→ 0 (or c→ 1) with (e/s) fixed, we find
gZπ
W+πW−
|c→1 = gW+πZπW− |c→1 , g
W+
πZπρ−
|c→1 = gZπ
W+πρ−
|c→1 = gW+π
ρ0πW−
|c→1 ,
gZπ
ρ+πρ−
|c→1 = gW+π
ρ0πρ−
|c→1 , gρ0π
W+πρ−
|c→1 = gρ+πZπρ− = g
ρ+
π
ρ0πW−
|c→1 , (A.12)
up to an overall sign, as expected.
The interaction vertices in Eqn. (A.8) include terms that explicitly mix the standard
model and new-physics sectors of the model. The terms on line two of (A.8) include inter-
actions (ZπWπρ) contributing to diagram (M)ZZ of Fig. 2; the terms of line four include
WπZπρ and WπρπW interactions contributing, respectively, to diagrams (R)WW and (S)WW
of Fig. 3.
A.3 Four-Point Vertices: LππAA
Rewriting Eqn. (3.36) in terms of mass eigenstate fields yields
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n gnπ
W+πW−
gnπ
W+πρ−
gnπ
ρ+πρ−
A e 0 e
Z e(c
2−s2)
2sc − e4sc
(
1 +
x2(−8c2+8− 1
c2
)
8
)
e(c2−s2)
2sc
(
1 + x
2
4(c2−s2)
)
ρ0 e2sx
e(c2−s2)x
8sc2
e
2sx
gαπZπβ β =W
− β = ρ−
α =W+ − e2s e4s
(
1 +
x2(−4c2−1+ 4
c2
)
8
)
α = ρ+ irrelevant − e(c2−s2)x
8sc2
gαπ
ρ0πβ
β =W− β = ρ−
α =W+ e4s
(
1 +
x2(−4c2+7− 4
c2
)
8
)
− e2s
(
1 +
x2(−4c2+7− 1
c2
)
8
)
α = ρ+ − ex
8sc2
− e2sx
Table 3: The Goldstone boson couplings dependent on derivatives. The expression of the gρ
+
piZpi
−
W
coupling is not shown (denoted as “irrelevant”) since the vertex constructed from this coupling does
not contribute to the self-energy functions of the standard model gauge bosons W,Z and photon.
LππAA = πW+πW−
( ∑
n=A,Z,ρ0
gnnπ
W+πW−
nµn
µ +
n 6=m∑
n=A,Z,ρ0
gnmπ
W+πW−
nµm
µ
)
+πρ+πρ−
( ∑
n=A,Z,ρ0
gnnπ
ρ+πρ−
nµn
µ +
n 6=m∑
n,m=A,Z,ρ0
gnmπ
ρ+πρ−
nµm
µ
)
+πW+πW−
( ∑
α=W±,ρ±
gααπ
W+πW−
αµα
µ +
α6=β∑
α,β=W±,ρ±
gαβπ
W+πW−
αµβ
µ
)
+πZπZ
( ∑
α=W±,ρ±
gααπZπZ αµα
µ +
α6=β∑
α,β=W±,ρ±
gαβπZπZ αµβ
µ
)
+πρ0πρ0
( ∑
α=W±,ρ±
gααπ
ρ0πρ0
αµα
µ +
α6=β∑
α,β=W±,ρ±
gαβπ
ρ0πρ0
αµβ
µ
)
. (A.13)
These couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given
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in Eqns. (4.5), (4.11) and (4.20) as
gnnπαπα =
e2
s2x
(
1 + s2x2
) [
v(1)πα v
(1)
πα v
L
n v
V
n + t · v(2)πα v(2)πα vBn vVn
]
, (A.14)
gnmπαπα =
e2
s2x
(
1 + s2x2
) [
v(1)πα v
(1)
πα (v
L
n v
V
m + v
V
n v
L
m) + t · v(2)π
ρ+
v(2)πα (v
B
n v
V
m + v
V
n v
B
m)
]
,
(A.15)
gββπαπα =
e2
s2x
(
1 + s2x2
)
v(1)πα v
(1)
πα v
L
β v
V
β , (A.16)
gβγπαπα =
e2
2s2x
(
1 + s2x2
)
v(1)πα v
(1)
πα
(
vLβ v
V
γ + v
L
γ v
V
β
)
, for β 6= γ (A.17)
gββπZπZ =
e2
s2x
(
1 + s2x2
)
v(1)πZ v
(1)
πZ v
L
β v
V
β , (A.18)
gβγπZπZ =
e2
2s2x
(
1 + s2x2
)
v(1)πZ v
(1)
πZ
(
vLβ v
V
γ + v
L
γ v
V
β
)
, for β 6= γ (A.19)
gββπ
ρ0πρ0
=
e2
s2x
(
1 + s2x2
)
v(1)π
ρ0
v(1)π
ρ0
vLβ v
V
β , (A.20)
gβγπ
ρ0πρ0
=
e2
2s2x
(
1 + s2x2
)
v(1)π
ρ0
v(1)π
ρ0
(
vLβ v
V
γ + v
L
γ v
V
β
)
, for β 6= γ , (A.21)
where subscripts α, β and γ denote W± and ρ± and n does A,Z and ρ0. In obtaining the
expressions for these couplings, we have used Eqn. (4.12). The explicit expression for each of
these couplings is shown in table 4. From table 4, in the isospin symmetric limit s → 0 (or
c→ 1) with (e/s) fixed, we find
gZZπ
ρ+πρ−
|c→1 = gW+W−π
ρ+πρ−
|c→1 = gW+W−π
ρ0πρ0
|c→1 ,
gρ
0Z
π
ρ+πρ−
|c→1 = 2gW+ρ−π
ρ+πρ−
|c→1 = 2gW+ρ−π
ρ0πρ0
|c→1 , (A.22)
up to an overall sign, as expected.
A.4 Three-Point Vertices among the Gauge Bosons: LAAA
Rewriting Eqn. (3.29) in terms of mass eigenstate fields yields
LAAA = i
{ ∑
n=A,Z,ρ0
gnW+W−
(
W+µνW
µ−nν +
1
2
nµνW
+µW−ν
)
+gnW+ρ−
((
W+µνρ
µ− + ρ+µνW
µ−)nν + 1
2
nµν
(
W µ+ρν− + ρµ+W ν−
))
+gnρ+ρ−
(
ρ+µνρ
µ−nν +
1
2
nµνρ
+µρ−ν
)}
+ h.c. , (A.23)
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gmnπ
W+πW−
n = A n = Z n = ρ0
m = A e2 e
2(c2−s2)
sc
e2(c2−s2)2
4s2c2
m = Z e
2(c2−s2)
sc
e2(c2−s2)2
4s2c2
irrelevant
m = ρ0 irrelevant irrelevant irrelevant
gmnπ
ρ+πρ−
n = A n = Z n = ρ0
m = A e2 e
2(c2−s2)
sc
(
1 + x
2
4(c2−s2)
)
e2(c2−s2)2
4s2c2
(
1 + x
2
2(c2−s2)
)
m = Z e
2(c2−s2)
sc
(
1 + x
2
4(c2−s2)
)
e2(c2−s2)2
4s2c2
(
1 + x
2
2(c2−s2)
)
e2(c2−s2)
2s2cx
m = ρ0 e
2
sx
e2(c2−s2)
2s2cx
irrelevant
gαβπ
W+πW−
β =W− β = ρ−
α =W+ e
2
4s2 irrelevant
α = ρ+ irrelevant irrelevant
gαβπ
ρ+πρ−
β =W− β = ρ−
α =W+ e
2
4s2
(
1 + x
2(−2c2+3)
2
)
e2
4s2x
α = ρ+ e
2
4s2x irrelevant
gαβπZπZ β =W
− β = ρ−
α =W+ e
2
4s2 irrelevant
α = ρ+ irrelevant irrelevant
gαβπ
ρ0πρ0
β =W− β = ρ−
α =W+ e
2
4s2
(
1 +
x2(−2c2+4− 1
c2
)
2
)
e2
4s2x
α = ρ+ e
2
4s2x
irrelevant
Table 4: The Goldstone boson couplings between two gauge bosons and two Goldstone bosons. The
vertices denoted as “irrelevant” do not generate leading log corrections to the gauge boson self-energy
functions we are concerned with.
where Aµν = ∂µAµ − ∂νAµ (A = A,Z, ρ±,0,W±). These couplings are expressed by using
the wavefunctions given in Eqns.(4.5) and (4.11) as
gnW+W− =
e
s
(
1 +
1
2
s2x2
)[
(vLW )
2vLn +
1
x
(vVW )
2vVn
]
, (A.24)
gnW+ρ− =
e
s
(
1 +
1
2
s2x2
)[
vLW v
L
ρ±v
L
n +
1
x
vVW v
V
ρ±v
V
n
]
, (A.25)
gnρ+ρ− =
e
s
(
1 +
1
2
s2x2
)[
(vLρ±)
2vLn +
1
x
(vVρ±)
2vVn
]
, (A.26)
for n = A,Z, ρ. In obtaining the expressions for these couplings, we have used Eqn. (4.12).
The explicit expression for each of these couplings is shown in table 5. From table 5, in the
isospin symmetric limit s→ 0 (or c→ 1) with (e/s) fixed, we find
gZρ+ρ− |c→1 = gρ
0
W+ρ−
|c→1 , gρ
0
W+W−
|c→1 = gZW+ρ− |c→1 , (A.27)
as expected.
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n gnW+W− g
n
W+ρ− g
n
ρ+ρ−
A e 0 e
Z ecs − ex4sc e(c
2−s2)
2sc
(
1 +
x2(4− 1
c2
)
8(c2−s2)
)
ρ0 - ex4s
e
2s
(
1 +
x2(−4c2+8− 1
c2
)
8
)
e
sx
Table 5: The three-point couplings among the gauge fields.
A.5 Four-Point Vertices among the Gauge Bosons: LAAAA
Rewriting Eqn. (3.30) in terms of the mass eigenstate fields yields
LAAAA =
∑
n=A,Z,ρ0
{
gnnW+W−(W
+
µ W
−
ν n
µnν −W+µ W−µ nνmν)
+gnnρ+ρ−(ρ
+
µ ρ
−
ν n
µnν − ρ+µ ρ−µ nνmν)
}
+
n 6=m∑
n,m=A,Z,ρ0
{
gnmW+W−
(
W+µ W
−
ν (n
µmν +mµnν)− 2W+µ W−µ nνmν
)
+gnmρ+ρ−
(
ρ+µ ρ
−
ν (n
µmν +mµnν)− 2ρ+µ ρ−µ nνmν
)}
+gρ
0ρ0
W+ρ−
(
ρ0µρ
0
νWµ+ρ
ν− − ρ0µρµ0W+ν ρν− + h.c.
)
+gρ
+ρ−
W+ρ−
(
ρ+µ ρ
−
ν W
µ+ρν− − ρ+µ ρµ−W+ν ρν− + h.c.
)
+gρ
+ρ−
W+W−
(
2W+µ W
−
ν ρ
µ+ρν− −W+µ W−ν ρµ−ρν+ −W+µ W ν−ρ+ν ρν−
)
+gW
+W−
W+W−W
+
µ W
−
ν
(
W µ+W ν− −W µ−W ν+) , (A.28)
where we have neglected terms which do not affect the gauge boson self-energy functions at
the one-loop level. These relevant couplings are expressed by using the wavefunctions given
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gmnW+W− n = A n = Z n = ρ
0
m = A e2 e
2c
s irrelevant
m = Z e
2c
s
e2c2
s2 irrelavant
m = ρ0 irrelevant irrelevant e
2
4s2
(
1 +
x2(−4c2+9− 1
c2
)
4
)
gmnρ+ρ− n = A n = Z
m = A e2 e
2(c2−s2)
2sc
(
1 +
x2(4− 1
c2
)
8(c2−s2)
)
m = Z e
2(c2−s2)
2sc
(
1 +
x2(4− 1
c2
)
8(c2−s2)
)
e2(c2−s2)2
4s2c2
(
1 +
x2(8c2−5+ 1
c2
)
4(c2−s2)2
)
m = ρ0 e
2
sx
e2(c2−s2)
2s2cx
gρ
0ρ0
W+ρ−
= e
2
2s2x
, gρ
+ρ−
W+ρ−
= e
2
2s2x
, gρ
+ρ−
W+W−
= e
2
4s2
(
1 + (2− c2)x2) , gW+W−W+W− = e22s2 .
Table 6: The four-point couplings among the gauge fields. The vertices denoted as “irrelevant” do
not generate leading log corrections to the gauge boson self-energy functions.
in Eqns.(4.5) and (4.11) as
gnmW+W− =
e2
s2
(
1 + s2x2
) [
(vLW±)
2vLnv
L
m +
1
x2
(vVW±)
2vVn v
V
m
]
, (A.29)
gnmρ+ρ− =
e2
s2
(
1 + s2x2
) [
(vLρ±)
2vLn v
L
m +
1
x2
(vVρ±)
2vVn v
V
m
]
, (A.30)
gρ
0ρ0
W+ρ−
=
e2
s2
(
1 + s2x2
) [
vLW±v
L
ρ±(v
L
ρ0)
2 +
1
x2
vVW±v
V
ρ±(v
V
ρ0)
2
]
, (A.31)
gρ
+ρ−
W+ρ−
=
e2
s2
(
1 + s2x2
) [
vLW±(v
L
ρ±)
3 +
1
x2
vVW±(v
V
ρ±)
3
]
, (A.32)
gρ
+ρ−
W+W−
=
e2
s2
(
1 + s2x2
) [
(vLW±)
2(vLρ±)
2 +
1
x2
(vVW±)
2(vVρ±)
2
]
, (A.33)
gW
+W−
W+W− =
e2
2s2
(
1 + s2x2
) [
(vLW±)
4 +
1
x2
(vVW±)
4
]
, (A.34)
for m,n = A,Z, ρ. In obtaining the expressions for these couplings, we have used Eqn. (4.12).
The explicit expression for each of these couplings is shown in table 6. From table 6, in the
isospin symmetric limit s→ 0 (or c→ 1) with (e/s) fixed, we find
gρ
0ρ0
W+W−|c→1 = g
ρ+ρ−
W+W−|c→1 = g
ρ+ρ−
ZZ |c→1 ,
gρ
0Z
ρ+ρ−
|c→1 = gρ
0ρ0
W+ρ−
= gρ
+ρ−
W+ρ−
, (A.35)
as expected.
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A.6 FP Ghost Terms in the Mass Eigenstate Basis
Rewriting Eqn. (3.28) in terms of mass eigenstate fields yields
LintFP = i
∑
n=A,Z,ρ0
[
gnW+W−nµ∂
µC¯W+CW− + g
n
ρ+ρ−nµ∂
µC¯ρ+Cρ−
+gnW+ρ−nµ(∂
µC¯W+Cρ− + ∂
µC¯ρ+CW−)
]
+ h.c. . (A.36)
Note that these couplings are equal to the three-point couplings among the gauge bosons
listed in table 5 due to gauge invariance.
B. Feynman Integral Formulae
We define the following Feynman integrals:
iFµν1 (MA,MB ; p
2) ≡
∫
d4k
(2π)4
(2k + p)µ(2k + p)ν[
k2 −M2A
] [
(k + p)2 −M2B
] , (B.1)
iF2(MA,MB ; p
2) ≡
∫
d4k
(2π)4
1[
k2 −M2A
] [
(k + p)2 −M2B
] , (B.2)
iF3(M) ≡
∫
d4k
(2π)4
1
(k2 −M2) . (B.3)
By introducing Feynman parameters, and performing dimensional regularization, these inte-
grals are evaluated as
(4π)2Fµν1 (MA,MB ; p
2) = gµν
[(
M2A +M
2
B −
1
3
p2
)
·
(
1
ǫ¯
+ 1
)
−2
∫ 1
0
dx∆BA(p
2) log∆BA(p
2)
]
+(pµpν term) , (B.4)
(4π)2F2(MA,MB ; p
2) =
1
ǫ¯
−
∫ 1
0
dx log ∆BA(p
2) , (B.5)
(4π)2F3(M) = M
2 · 1
ǫ¯
− (M2 logM2 +M2) , (B.6)
where
∆BA(p
2) = xM2A + (1− x)M2B − x(1− x)p2 , (B.7)
1
ǫ¯
=
2
ǫ
− γ + log 4π . (B.8)
Interpreting the results in terms of a dimensional cutoff representing the cutoff of the effective
theory, we make the replacement
1
ǫ¯
→ log Λ2 . (B.9)
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Equivalently, the replacement above may be viewed as evaluating the counterterms, which
cancel divergences, renormalized at the scale of the cutoff.
In applying these formulae to extract the leading-log corrections to the S and T pa-
rameters arising from loops of ρ-mesons, we encounter two separate cases. In one case, the
loop-corrections involve only propagating ρ-mesons . We refer to this as the degenerate heavy
mass case, in which M2A ≃ M2B ≫ |p2| = O(M2W ). In the other case – which we refer to as
the hierarchical mass case – loop-corrections involve one ρ-meson and one light gauge-boson,
and M2A ≫M2B ≃ |p2| = O(M2W ).
We first examine the degenerate heavy mass case in which, from Eqns. (B.4)-(B.6), we
find the approximate formulae,
(4π)2Fµν1 (MA,MB ; p
2) ≃ gµν
[(
M2A +M
2
B −
1
3
p2
)
log
Λ2
M2A
+M2A +M
2
B +
1
3
p2 +O(p4/M2A)
]
+(pµpν term) , (B.10)
(4π)2F2(MA,MB ; p
2) ≃ log Λ
2
M2A
+
1
6
p2
M2A
+O(p4/M4A) , (B.11)
(4π)2F3(MA) = M
2
A log
Λ2
M2A
−M2A . (B.12)
Consider next the hierarchical mass case. In this case, the expression for the function
F3 remains the same as in Eqn. (B.12). In order to derive the approximate formulae for the
functions Fµν1 and F2, we may rewrite the expressions (B.4) and (B.5) as follows:
(4π)2Fµν1 (MA,MB ; p
2) = gµν
[(
M2A +M
2
B −
1
3
p2
)
log
Λ2
M2A
+M2A +M
2
B −
1
3
p2
−2
∫ 1
0
dx
(
xM2A + (1− x)M2B − x(1− x)p2
)
× log
(
x+ (1− x)M
2
B
M2A
− x(1− x) p
2
M2A
)]
+(pµpν term) , (B.13)
(4π)2F2(MA,MB ; p
2) = log
Λ2
M2A
−
∫ 1
0
dx log
(
x+ (1− x)M
2
B
M2A
− x(1− x) p
2
M2A
)
.
(B.14)
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Expanding the right hand sides in terms of 1/M2A, we find
(4π)2Fµν1 (MA,MB ; p
2) = gµν
[(
M2A +M
2
B −
1
3
p2
)
log
Λ2
M2A
+
3
2
(M2A +M
2
B −
5
18
p2)
]
+O(M
4
B
M2A
) + (pµpν term) , (B.15)
(4π)2F2(MA,MB ; p
2) = log
Λ2
M2A
+ 1 +
M2B
M2A
log
M2B
M2A
+
1
2
p2
M2A
+O(M
4
B
M4A
log
M2B
M2A
) , (B.16)
where we have used [63]
∫ 1
0
dx∆ǫ11 (ǫ2) = −1− ǫ1 log ǫ1 −
1
2
ǫ2 + · · · , (B.17)∫ 1
0
dxx∆ǫ11 (ǫ2) = −
1
4
+
1
2
ǫ1 − 1
6
ǫ2 + · · · , (B.18)∫ 1
0
dx(1 − x)∆ǫ11 (ǫ2) = −
3
4
− ǫ1 log ǫ1 − 1
2
ǫ1 − 1
3
ǫ2 + · · · , (B.19)∫ 1
0
dxx(1 − x)∆ǫ11 (ǫ2) = −
5
36
+
1
3
ǫ1 − 1
12
ǫ2 + · · · , (B.20)
with ∆ǫ11 (ǫ2) = x · 1 + (1− x)ǫ1 − x(1− x)ǫ2. Note the large logarithm, log(M2B/M2A), in the
expression for F2.
As a sample application of Eqns.(B.15) and (B.16), consider evaluating the amplitudes
(M)ZZ and (N)ZZ , from diagrams (M) and (N) in Fig. 2 , in the limit M
2
ρ± ≫M2W :
(M)ZZ ≃ ie
2
8s2c2
{
1 +
x2
(−8c2 + 8− 1c2 )
4
}
Fµν1 (Mρ± ,MW ; p
2) +O(αx2M2W )
≃ ie
2
8s2c2
[
Fµν1 (Mρ± ,MW ; p
2) +
x2
(−8c2 + 8− 1c2 )
4
gµνF3(Mρ±)
]
+O(αx2M2W ) , (B.21)
(N)ZZ ≃ −ie
2gµν
2s2c2
M2ρ±
{
1− x
2
(
8c2 − 6 + 1
c2
)
4
}
F2(Mρ± ,MW ; p
2) +O(αx2M2W )
≃ −ie
2gµν
2s2c2
[
F3(Mρ±)− F3(MW )−
x2
(
8c2 − 7 + 1c2
)
4
F3(Mρ±)
]
+O(αx2M2W ) , (B.22)
where x2 ≈ 4M2W /M2ρ± . It is easy to see that, in the leading log approximation, these
expressions precisely equal Eqns. (C.37) and (C.38) in Appendix C.
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C. Feynman Graph Results: Neutral Gauge Bosons
In this appendix, we present the results of each contribution to the neutral gauge-boson
self-energy functions ΠAA,ZA,ZZ, as shown in Fig. 2.
C.1 Photon Self-Energy Amplitude ΠAA
(A)γγ =
ie2gµν
(4π)2
[
9M2ρ± +
19
6
p2
]
log
Λ2
M2
ρ±
, (C.1)
(B)γγ =
ie2gµν
(4π)2
[
9M2W +
19
6
p2
]
log
Λ2
M2W
, (C.2)
(C)γγ =
ie2gµν
(4π)2
[
− 6M2ρ±
]
log
Λ2
M2
ρ±
, (C.3)
(D)γγ =
ie2gµν
(4π)2
[
− 6M2W
]
log
Λ2
M2W
, (C.4)
(E)γγ =
ie2gµν
(4π)2
[
2M2ρ± −
1
3
p2
]
log
Λ2
M2
ρ±
, (C.5)
(F )γγ =
ie2gµν
(4π)2
[
2M2W −
1
3
p2
]
log
Λ2
M2W
, (C.6)
(G)γγ =
ie2gµν
(4π)2
[
− 2M2ρ±
]
log
Λ2
M2
ρ±
, (C.7)
(H)γγ =
ie2gµν
(4π)2
[
− 2M2W
]
log
Λ2
M2W
, (C.8)
(I)γγ =
ie2gµν
(4π)2
[
− 2M2ρ±
]
log
Λ2
M2ρ±
, (C.9)
(J)γγ =
ie2gµν
(4π)2
[
− 2M2W
]
log
Λ2
M2W
, (C.10)
(K)γγ =
ie2gµν
(4π)2
[
−M2ρ± +
1
6
p2
]
log
Λ2
M2
ρ±
, (C.11)
(L)γγ =
ie2gµν
(4π)2
[
−M2W +
1
6
p2
]
log
Λ2
M2W
, (C.12)
where we have neglected terms of O(αx2M2W ).
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C.2 Photon/Z boson Mixing Amplitude ΠZA
(A)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
18M2ρ± +
19
3
p2
)
+
9
4
(
4c2 − 1)M2Z
]
log
Λ2
M2
ρ±
, (C.13)
(B)Zγ =
ie2gµν
(4π)2sc
[
c2
(
9M2W +
19
6
p2
)]
log
Λ2
M2W
, (C.14)
(C)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
−12M2ρ±
)
− 3
2
(
4c2 − 1)M2Z
]
log
Λ2
M2
ρ±
, (C.15)
(D)Zγ =
ie2gµν
(4π)2sc
[
− 6c2M2W
]
log
Λ2
M2W
, (C.16)
(E)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
4M2ρ± −
2
3
p2
)
+ c2M2Z
]
log
Λ2
M2
ρ±
, (C.17)
(F )Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
4M2W −
2
3
p2
)]
log
Λ2
M2W
, (C.18)
(G)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
−4M2ρ±
)
− c2M2Z
]
log
Λ2
M2
ρ±
, (C.19)
(H)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(−4M2W )
]
log
Λ2
M2W
, (C.20)
(I)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
−4M2ρ±
)
− 1
2
M2Z
]
log
Λ2
M2
ρ±
, (C.21)
(J)Zγ =
ie2gµν
(4π)2sc
[
2(1− c2)M2W
]
log
Λ2
M2W
, (C.22)
(K)Zγ =
ie2gµν
(4π)2sc
[
c2 − s2
4
(
−2M2ρ± +
1
3
p2
)
− 1
4
(4c2 − 1)M2Z
]
log
Λ2
M2
ρ±
, (C.23)
(L)Zγ =
ie2gµν
(4π)2sc
[
c2
(
−M2W +
1
6
p2
)]
log
Λ2
M2W
, (C.24)
where we have used x2M2ρ± ≈ 4M2W and neglected terms of O(αx2M2W ).
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C.3 Z Boson Self-Energy Amplitude ΠZZ
(A)ZZ =
ie2gµν
(4π)2s2c2
[
(c2 − s2)2
4
(
9M2ρ± +
19
6
p2
)
+
(
18c2 − 27
2
)
M2W +
9
4
M2Z
]
log
Λ2
M2
ρ±
,
(C.25)
(B)ZZ =
ie2gµν
(4π)2s2c2
[
c4
(
9M2W +
19
6
p2
)]
log
Λ2
M2W
, (C.26)
(C)ZZ =
ie2gµν
(4π)2s2c2
[
− 3(c
2 − s2)2
2
M2ρ± −
(
12c2 − 15
2
)
M2W −
3
2
M2Z
]
log
Λ2
M2
ρ±
, (C.27)
(D)ZZ =
ie2gµν
(4π)s2c2
[
− 6c4M2W
]
log
Λ2
M2W
, (C.28)
(E)ZZ =
ie2gµν
(4π)2s2c2
[
(c2 − s2)2
4
(
2M2ρ± −
1
3
p2
)
+ (2c2 − 1)M2W
]
log
Λ2
M2
ρ±
, (C.29)
(F )ZZ =
ie2gµν
(4π)2s2c2
[
(c2 − s2)2
4
(
2M2W −
1
3
p2
)]
log
Λ2
M2W
, (C.30)
(G)ZZ =
ie2
(4π)2s2c2
[
− (c
2 − s2)2
2
M2ρ± − (2c2 − 1)M2W
]
log
Λ2
M2
ρ±
, (C.31)
(H)ZZ =
ie2gµν
(4π)2s2c2
[
− (c
2 − s2)2
2
M2W
]
log
Λ2
M2W
, (C.32)
(I)ZZ =
ie2gµν
(4π)2s2c2
[
− (c
2 − s2)2
2
M2ρ± −M2W +
1
2
M2Z
]
log
Λ2
M2
ρ±
, (C.33)
(J)ZZ =
ie2gµν
(4π)2s2c2
[
− 2(c4 − 2c2 + 1)M2W
]
log
Λ2
M2W
, (C.34)
(K)ZZ =
ie2gµν
(4π)2s2c2
[
(c2 − s2)2
4
(
−M2ρ± +
1
6
p2
)
−
(
2c2 − 3
2
)
M2W −
1
4
M2Z
]
log
Λ2
M2
ρ±
,
(C.35)
(L)ZZ =
ie2gµν
(4π)2s2c2
[
c4
(
−M2W +
1
6
p2
)]
log
Λ2
M2W
, (C.36)
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(M)ZZ =
ie2gµν
(4π)2s2c2
[
1
8
(
M2ρ± −
1
3
p2
)
−
(
c2 − 9
8
)
M2W −
1
8
M2Z
]
log
Λ2
M2
ρ±
, (C.37)
(N)ZZ =
ie2gµν
(4π)2s2c2
{
1
2
M2W log
Λ2
M2W
+
[
− 1
2
M2ρ± +
(
4c2 − 7
2
)
M2W +
1
2
M2Z
]
log
Λ2
M2
ρ±
}
,
(C.38)
(O)ZZ =
ie2gµν
(4π)2s2c2
[
9
4
M2W
]
log
Λ2
M2
ρ±
, (C.39)
(P )ZZ =
ie2gµν
(4π)2s2c2
[
− 1
4
M2W
]
log
Λ2
M2
ρ±
, (C.40)
where we have neglected terms of O(αx2M2W ) and usedM2W ≈ c2M2Z which is valid to leading
order in x.
D. Feynman Graph Results: Charged Gauge Bosons
In this appendix, we present the results of each diagram contributing to the charged gauge-
boson self-energy function ΠWW , as shown in Fig. 3.
(A)WW =
ie2gµν
(4π)2s2
[
(1− c2)
(
9
2
M2W +
19
6
p2
)]
log
Λ2
M2W
, (D.1)
(B)WW =
ie2gµν
(4π)2s2
[
c2
(
9
2
M2W +
9
2
M2Z +
19
6
p2
)]
log
Λ2
M2W
, (D.2)
(C)WW =
ie2gµν
(4π)2s2
[
1
4
(
9
2
M2ρ± +
9
2
M2ρ0 +
19
6
p2
)
+
(−9c2 + 18)M2W − 94M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
1
4
(
9M2ρ± +
19
6
p2
)
+
(
−9c2 + 135
8
)
M2W −
9
8
M2Z
]
log
Λ2
M2
ρ±
,
(D.3)
(D)WW =
ie2gµν
(4π)2s2
[
− 3M2W
]
log
Λ2
M2W
, (D.4)
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(E)WW =
ie2gµν
(4π)2s2
[
− 3c2M2Z
]
log
Λ2
M2W
, (D.5)
(F )WW =
ie2gµν
(4π)2s2
[
− 3
4
M2ρ± + 3(c
2 − 2)M2W
]
log
Λ2
M2
ρ±
, (D.6)
(G)WW =
ie2gµν
(4π)2s2
[
− 3
4
M2ρ0 +
(
3c2 − 27
4
)
M2W +
3
4
M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
− 3
4
M2ρ± + 3(c
2 − 2)M2W
]
log
Λ2
M2
ρ±
, (D.7)
(H)WW =
ie2gµν
(4π)2s2
[
− (1− c
2)
2
(
M2W −
1
3
p2
)]
log
Λ2
M2W
, (D.8)
(I)WW =
ie2gµν
(4π)2s2
[
− c
2
2
(
M2W +M
2
Z −
1
3
p2
)]
log
Λ2
M2W
, (D.9)
(J)WW =
ie2gµν
(4π)2s2
[
− 1
8
(
M2ρ± +M
2
ρ0 −
1
3
p2
)
+
(
c2 − 2)M2W + 14M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
− 1
4
(
M2ρ± −
1
6
p2
)
+
(
c2 − 15
8
)
M2W +
1
8
M2Z
]
log
Λ2
M2
ρ±
, (D.10)
(K)WW =
ie2gµν
(4π)2s2
[ (−c2 + 2)M2W −M2Z
]
log
Λ2
M2W
, (D.11)
(L)WW =
ie2gµν
(4π)2s2
[
− (1− c2)M2W
]
log
Λ2
M2W
, (D.12)
(M)WW =
ie2gµν
(4π)2s2
{
1
4
M2W log
Λ2
M2W
+
[
− 1
4
M2ρ± +
(
c2 − 5
4
)
M2W +
3
4
M2Z
]
log
Λ2
M2
ρ±
}
,
(D.13)
(N)WW =
ie2gµν
(4π)2s2
[
− 1
4
M2ρ± +
(
c2 − 1)M2W − 14M2Z
]
log
Λ2
M2
ρ±
, (D.14)
(O)WW =
ie2gµν
(4π)2s2
{
1
4
M2Z log
Λ2
M2W
+
[
− 1
4
M2ρ± +
(
c2 +
1
4
)
M2W −
3
4
M2Z
]
log
Λ2
M2
ρ±
}
,
(D.15)
(P )WW =
ie2gµν
(4π)2s2
[
− 1
4
M2ρ± +
(
c2 − 7
4
)
M2W +
1
2
M2Z
]
log
Λ2
M2
ρ±
, (D.16)
(Q)WW =
ie2gµν
(4π)2s2
[
1
4
(
M2W +M
2
Z −
1
3
p2
)]
log
Λ2
M2W
, (D.17)
(R)WW =
ie2gµν
(4π)2s2
[
1
16
(
M2ρ± −
1
3
p2
)
−
(
1
4
c2 +
1
16
)
M2W +
5
16
M2Z
]
log
Λ2
M2
ρ±
, (D.18)
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(S)WW =
ie2gµν
(4π)2s2
[
1
16
(
M2ρ0 +M
2
W −
1
3
p2
)
−
(
1
4
c2 − 7
16
)
M2W −
1
4
M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
1
16
(
M2ρ± −
1
3
p2
)
−
(
1
4
c2 − 7
16
)
M2W −
3
16
M2Z
]
log
Λ2
M2
ρ±
, (D.19)
(T )WW =
ie2gµν
(4π)2s2
[
1
4
(
M2ρ± +M
2
ρ0 −
1
3
p2
)
−
(
2c2 − 7
2
)
M2W −
1
2
M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
1
2
(
M2ρ± −
1
6
p2
)
−
(
2c2 − 13
4
)
M2W −
1
4
M2Z
]
log
Λ2
M2
ρ±
, (D.20)
(U)WW =
ie2gµν
(4π)2s2
[
− 1
4
M2W
]
log
Λ2
M2W
, (D.21)
(V )WW =
ie2gµν
(4π)2s2
[
− 1
4
M2Z
]
log
Λ2
M2W
, (D.22)
(W )WW =
ie2gµν
(4π)2s2
[
− 1
4
M2ρ0 +
(
c2 − 2)M2W + 12M2Z
]
log
Λ2
M2
ρ±
=
ie2gµν
(4π)2s2
[
− 1
4
M2ρ± +
(
c2 − 7
4
)
M2W +
1
4
M2Z
]
log
Λ2
M2
ρ±
, (D.23)
(X)WW =
ie2gµν
(4π)2s2
[
− 1
4
M2ρ± +
(
c2 − 3
2
)
M2W
]
log
Λ2
M2
ρ±
, (D.24)
(Y )WW =
ie2gµν
(4π)2s2
[
9
8
M2Z
]
log
Λ2
M2
ρ±
, (D.25)
(Z)WW =
ie2gµν
(4π)2s2
[
9
8
M2W
]
log
Λ2
M2
ρ±
, (D.26)
(α)WW =
ie2gµν
(4π)2s2
[
− 1
8
M2Z
]
log
Λ2
M2
ρ±
, (D.27)
(β)WW =
ie2gµν
(4π)2s2
[
− 1
8
M2W
]
log
Λ2
M2
ρ±
, (D.28)
where we have neglected terms of O(αx2M2W ) and usedM2W ≈ c2M2Z which is valid to leading
order in x. Note that, in Eqn. (5.5), we have used the relation M2ρ0 ≈ M2ρ± + s
2
c2
M2W which
follows from Eqns.(4.2) and (4.7) to leading order in x = g0/g1.
E. Pinch Contributions and γ-ρ, Z-ρ, W -ρ Mixing Amplitudes
As discussed in Section 6.2, the ρ-pinch contributions of Eqns. (6.29) – (6.33) arise diagra-
matically from the γ-ρ, Z-ρ and W -ρ mixing contributions to the scattering amplitudes of
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ordinary fermions. From Eqn. (6.26), we see that the couplings of the neutral ρ-meson may
be written
Jµρ =
e
sx
Jµ3
′ − sx
(
1− x1
x2
)
JµA − x
c2 − s2
2c
(
1− 2c
2
c2 − s2
x1
x2
)
JµZ . (E.1)
For ordinary fermions, whose couplings to the gauge-eigenstate V µ at site 1 are suppressed
by x1 = O(x2), the γ−ρ and Z−ρ mixing amplitudes give rise to corrections to four-fermion
scattering amplitudes analogous to Eqns. (6.27) and (6.28):
M|γ−ρ ∝ A · 1
p2
·ΠAρ · 1
p2 −M2ρ
·
[
−sx
(
1− x1
x2
)
A′ − xc
2 − s2
2c
(
1− 2c
2
c2 − s2
x1
x2
)
Z ′
]
+ (A,Z ↔ A′,Z ′) , (E.2)
M|Z−ρ ∝ Z · 1
p2 −M2Z
· ΠZρ · 1
p2 −M2ρ
·
[
−sx
(
1− x1
x2
)
A′ − xc
2 − s2
2c
(
1− 2c
2
c2 − s2
x1
x2
)
Z ′
]
+ (A,Z ↔ A′,Z ′) . (E.3)
Comparing to Eqns. (6.7) and (6.15), we see that these corrections may be absorbed into
redefinitions of the neutral boson self-energy contributions through
∆ΠAA = 2s
x
M2ρ
(
1− x1
x2
)
p2ΠAρ(0), (E.4)
∆ΠγZA =
c2 − s2
2c
x
M2ρ
(
1− 2c
2
c2 − s2
x1
x2
)
(p2 −M2Z)ΠAρ(0), (E.5)
∆ΠZZA = s
x
M2ρ
(
1− x1
x2
)
p2ΠZρ(0), (E.6)
∆ΠZZ =
c2 − s2
c
x
M2ρ
(
1− 2c
2
c2 − s2
x1
x2
)
(p2 −M2Z)ΠZρ(0) , (E.7)
where we have assumed p2 ≃ M2W,Z ≪ M2ρ . Similar considerations (or, alternatively, taking
the limit s → 0 and MZ → MW in Eqn. (E.7)) lead to contributions to the charged-boson
self-energy
∆ΠWW =
x
M2ρ
(
1− 2x1
x2
)
(p2 −M2W )ΠWρ(0) . (E.8)
In this appendix, we present the results of the mixing amplitudes ΠAρ, ΠZρ, and ΠWρ
and we confirm that the relations Eqns. (E.4)–(E.8) reproduce the results of Eqns. (6.29) –
(6.33).
E.1 Photon-ρ and Z-ρ Mixing Amplitudes ΠAρ and ΠZρ
The photon-ρ mixing amplitude ΠAρ and the Z-ρ mixing amplitude ΠZρ arise from the
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ρ−
ρ+(A) ρ
±
(C) (E) πρ+
πρ−
πρ±
(G)
C¯ρ−
Cρ+
(K)
Figure 8: One-loop diagrams contributing to Z − ρ mixing amplitude
diagrams illustrated in Fig. 8. We find
(A)γρ =
ie2gµν
(4π)2s
[
9M2ρ
x
]
log
Λ2
M2ρ
, (E.9)
(C)γρ =
ie2gµν
(4π)2s
[
−6M2ρ
x
]
log
Λ2
M2ρ
, (E.10)
(E)γρ =
ie2gµν
(4π)2s
[
M2ρ
x
]
log
Λ2
M2ρ
, (E.11)
(G)γρ =
ie2gµν
(4π)2s
[
−M
2
ρ
x
]
log
Λ2
M2ρ
, (E.12)
(K)γρ =
ie2gµν
(4π)2s
[
−M
2
ρ
x
]
log
Λ2
M2ρ
, (E.13)
for ΠAρ and
(A)Zρ =
ie2(c2 − s2)gµν
2(4π)2s2c
[
9M2ρ
x
]
log
Λ2
M2ρ
, (E.14)
(C)Zρ =
ie2(c2 − s2)gµν
2(4π)2s2c
[
−6M2ρ
x
]
log
Λ2
M2ρ
, (E.15)
(E)Zρ =
ie2(c2 − s2)gµν
2(4π)2s2c
[
M2ρ
x
]
log
Λ2
M2ρ
, (E.16)
(G)Zρ =
ie2(c2 − s2)gµν
2(4π)2s2c
[
−M
2
ρ
x
]
log
Λ2
M2ρ
, (E.17)
(K)Zρ =
ie2(c2 − s2)gµν
2(4π)2s2c
[
−M
2
ρ
x
]
log
Λ2
M2ρ
, (E.18)
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Figure 9: One-loop diagrams contributing to W − ρ mixing amplitude
for ΠZρ. Here we keep only the leading M
2
ρ /x terms, and neglect other subleading contribu-
tions. Putting these contributions together, we find
ΠAρ(0) =
2e2
(4π)2s
M2ρ
x
log
Λ2
M2ρ
, (E.19)
ΠZρ(0) =
e2(c2 − s2)
(4π)2s2c
M2ρ
x
log
Λ2
M2ρ
. (E.20)
Combining Eqns. (E.19)–(E.20) with Eqns. (E.4)–(E.7) yield the results presented in Section
6.2.
– 50 –
E.2 W -ρ Mixing Amplitude ΠWρ
The W -ρ mixing amplitude ΠWρ arises from the diagrams illustrated in Fig. 9. We find
(C)Wρ =
ie2gµν
2(4π)2s2
[
9M2ρ
x
]
log
Λ2
M2ρ
, (E.21)
(F )Wρ =
ie2gµν
2(4π)2s2
[
−3M
2
ρ
x
]
log
Λ2
M2ρ
, (E.22)
(G)Wρ =
ie2gµν
2(4π)2s2
[
−3M
2
ρ
x
]
log
Λ2
M2ρ
, (E.23)
(J)Wρ =
ie2gµν
2(4π)2s2
[
−M
2
ρ
x
]
log
Λ2
M2ρ
, (E.24)
(T )Wρ =
ie2gµν
2(4π)2s2
[
M2ρ
x
]
log
Λ2
M2ρ
, (E.25)
(W )Wρ =
ie2gµν
2(4π)2s2
[
−M
2
ρ
2x
]
log
Λ2
M2ρ
, (E.26)
(X)Wρ =
ie2gµν
2(4π)2s2
[
−M
2
ρ
2x
]
log
Λ2
M2ρ
. (E.27)
Here we keep only the leading M2ρ /x terms, and neglect other subleading contributions.
Putting these contributions together, we find
ΠWρ(0) =
e2
(4π)2s2
M2ρ
x
log
Λ2
M2ρ
. (E.28)
The amplitude Eq. (E.28), used in Eq. (E.8), yields the results presented in Section 6.2.
F. Vertex Corrections from Fermion Delocalization Operator
From the forms of the x1-dependent interactions of Eqn. (7.3), we see it is straightforward to
compute the vertex correction amplitudes J3L−A and J3L−Z. Note that the vertex correction
arising from an interaction of the first term of line two in Eqn. (7.3) is suppressed by a factor
of (M2W /M
2
ρ±) due to the πW± loop; therefore, it may be neglected since we are concerned
with the leading log contributions of the form log(Λ2/M2W,ρ). The relevant Feynman graphs
are shown in fig. 5.
By using the formulae of Feynman integral in Appendix B, the vertex correction am-
plitudes corresponding to diagrams (A)-(E) of figure 5 are evaluated to be, for an external
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photon
(B)J3
L
A =
2ie3gµν
(4π)2s2
(x1
x2
)
log
Λ2
M2
ρ±
, (F.1)
(C)J3
L
A = −
ie3gµν
(4π)2s2
(x1
x2
)
log
Λ2
M2
ρ±
, (F.2)
(E)J3
L
A =
ie3gµν
(4π)2s2
(x1
x2
)
log
Λ2
M2
ρ±
, (F.3)
and, for an external Z-boson
(A)J3
L
Z =
ie3gµν
(4π)2s3c
(x1
x2
)
log
Λ2
M2
ρ±
, (F.4)
(B)J3
L
Z =
ie3(c2 − s2)gµν
(4π)2s3c
(x1
x2
)
log
Λ2
M2
ρ±
, (F.5)
(C)J3
L
Z = −
ie3gµν
4(4π)2s3c
(x1
x2
)
log
Λ2
M2
ρ±
, (F.6)
(D)J3
L
Z = −
ie3(c2 − s2)gµν
2(4π)2s3c
(x1
x2
)
log
Λ2
M2
ρ±
, (F.7)
(E)J3
L
Z =
ie3(c2 − s2)gµν
2(4π)2s3c
(x1
x2
)
log
Λ2
M2
ρ±
. (F.8)
It should be noticed that (C)J3
L
A+(E)J3
L
A = 0; the corresponding one-loop generated operator
is written in the form,
L(C)+(E) = −ψ¯Lγµ(g0Lµ − g1Vµ)ψL ·
[
e2
(4π)2s2
(x1
x2
)
log
Λ2
M2
ρ±
]
, (F.9)
in which the operator (g0Lµ − g1Vµ) is orthogonal to the photon.
Combining Eqns.(F.4)-(F.8) and (F.1), we find that the vertex corrections are incorpo-
rated into the following operators:
Leff = e
sc
·G1(M2ρ± ;x1) · Jµ3L Zµ + e ·G2(M2ρ± ;x1) · Jµ3L Aµ , (F.10)
where
G1(M
2
ρ± ;x1) =
e2
(4π)2s2
(
2c2 − 1
4
)(x1
x2
)
log
Λ2
M2
ρ±
, (F.11)
G2(M
2
ρ± ;x1) =
2e2
(4π)2s2
(x1
x2
)
log
Λ2
M2
ρ±
. (F.12)
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